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Introduction

The theory of Lie groups and Lie algebras began in the late 19th century with the work
of the Norwegian mathematician Sophus Lie. It has many ramifications (non-Euclidean
geometries, homogeneous spaces, harmonic analysis, representation theory, algebraic groups,
quantum groups ...) and is still very active. Moreover, these objects appear and play an
important role in many branches of mathematics : in number theory, through the "au-
tomorphic forms" and "Langlands program", and theoretical physics, specially in particle
physics or general relativity. H. Weyl introduced the current terminology in 1934, the gen-
eral theory of complex Lie algebras was already well developed by E. Cartan, F. Engel, and
W. Killing in 1888-1894.

A Lie algebra g is a K—vector space with a bilinear and skewsymmetric map

[—,—]: g x g — g satisfying the Jacobi identity

[, [y, 2] + [y, [z, 2] + [2, [2,9]] = 0, Vz,y,2 € g.

Different classes of Lie algebras were studied : linear Lie algebras, simple and semi-
simple Lie algebras, solvable and nilpotent Lie algebras. The classification of complex
nilpotent Lie algebras was completed until dimension 7. Complex nilpotent Lie algebras
in dimension 7 was provided by Ancochea and Goze, according to their characteristic suite
[25]. They study nilpotent Lie algebras with respect to their nilindix, starting with those
with a maximum nilindex, (called filiform). Lie algebras whose nilindex is lowered by one,
are called quasi-filiform Lie algebras. In 1970, Vergne has initiated the study of filiform Lie
algebras [50]. She showed that over a fields having an infinite number of elements, there are
only two isomorphism classes of naturally graded filiform Lie algebras of even dimension 2n,
denoted by Ls, and Q2,, and only one odd dimension 2n+ 1, denoted by Lo, with n € N.
More recently, Snobl and Winternitz ([46]) determined Lie algebras having as nilradical the

Lie algebra L,, over the complex and real fields.



Deformations of mathematical objects is one of the oldest technics used by mathemati-
cians. they appeared in different domains such as geometry, analysis, complex manifolds,
algebraic varieties, associative algebras and rings. The most popular approach was intro-
duced by by Gerstenhaber in 1964, see [18]. It is based on formal power series and it
relates the deformation to cohomology groups. The work of Gerstenhaber was extended
in several directions. For example, Balavoine describes the deformations of any algebra
over a quadratic operad. In the same sense, Hinich studying deformations of algebras on a
differential graded operad. The case of Lie algebras was studied by Nijenhuis-Richardson.
The deformation theory was revived by quantization deformation theory which was inau-
gurated in 1978 by Bayen, Flato, Fronsdal, Lichnerowicz and Sternheimer. By studying
g—deformations of Witt and Virasoro algebras, a modified Jacobi identity appeared. Re-
cently in 2006, Hartwig, Larsson and Silvestrov developed a new approach to the theory of
deformations of Witt and Virasoro algebra using o —derivation in [26]. They also introduced
the concept of Hom-Lie algebra. A Hom-Lie algebra structure is given by a skewsymmetric
bracket on a vector space g, the structure is twisted by a homomorphism « and the modified

Jacobi identity is defined as

(), [y, 21] + [a(y), [z, 2] + [a(2), [2, 4] = 0, V2,2 € g.

This theory has been extended by Larsson and Silvestrov to the quasi-Lie algebras in [27].

An important tool for the study of Lie algebra is the notion of representation. A rep-
resentation of a Lie algebra is a way to write this algebra as a matrix algebra, or more
generally of endomorphisms of a vector space with the Lie bracket given by the commuta-
tor. It is defined as follows: a representation with coefficients in K is a pair (V, p), where
V is a K—vector space and p : g — gl(V) is a morphism. We often simplify the notation by

setting gv = p(g)(v) for g € g,v € V. The dual representation is given by :

p* g — gl(V")

z— —p(z)T.



A particular representation is the adjoint representation, denoted ad, and defined by

ad : g — gl(g)

x> ady iy [z,y].

The dual representation in this case is called the coadjoint representation.

One of the main problems in Lie algebra theory is to provide invariants and to describe
them for a given Lie algebra. Invariant Theory and Lie groups theory is of great interest
for both mathematician and physicists (Casimir operators, center of the enveloping algebra,
Duflo isomorphism between the center and the Poisson center of the symmetric algebra...).
We are interested in this work by the concept of index for Lie algebras and Hom-Lie algebras.
The index is an important concept in the representation theory and invariant theory. It
was introduced by Dixmier in [9]. Let g be a Lie algebra over a fields K and let f € g*
be a linear functional of g. The stabilizer gy is the Lie subalgebra of elements of g which

annihilate f in the coadjoint representation. The index of the Lie algebra is
X (g) = ind g = min dim g;.
fegr

The theory of index for Lie algebras has applications in invariant theory of invariants,
deformations and quantum groups. A Lie algebra is called Frobenius if its index is 0, which
is equivalent to say that there is functional in the dual such that the bilinear form Bp
defined by Bp(z,y) = F([z,y]), is non-degenerate. The Frobenius algebras were studied
by Ooms in [37]. Most index studies concerne simple Lie algebras or their subalgebras.
They were considered by many authors (see [8], [13]-[16], [37], [43], [47]). Note that the
simple Lie algebra can never be Frobenius, but many subalgebras are. The index of a
semisimple Lie algebra g is equal to the rank of g. This can be obtained easily from the
isomorphism between g and g* via the Killing form. There has been quite a lot of recent
work on the determination of the index of certain subalgebras of a semisimple Lie algebra :
parabolic subalgebras and related subalgebras ([8], [48]), centralizers of elements and related

subalgebras ([12]).



The index of a semi-direct products of a Lie algebra g and a vector space V with respect
to a linear representation p of g in V| is given by the so-called Rais formula.

The objective of this thesis is to study index for some classes of Lie algebras and to
generalize the theory to Hom-Lie algebras. The first part deals with nilpotent Lie algebras.
We study the classes of filiform and quasi-filiform Lie algebras. In the second part dealing
with Hom-Lie algebras, we generalize the theory, provide some key constructions and discuss
index of semi-direct products of Hom-Lie algebras.

The thesis is structured as follows:

We start with an overview in french summarizing the main results. The first chapter
contains the general and necessary facts about Lie algebras illustrated by examples. The
second part of this work is devoted to the index theory of Lie algebra where we present
definitions and basic results. Chapter 3 and 4 include our original results. In chapter 3 we
calculate the index and provide regular vectors of the two classes of nilpotent Lie algebras.
We study filiform and quasi-filiform Lie algebras. We consider graded filiform Lie algebras
L, or @, then n—dimensional filiform Lie algebras for n < 8, also graded quasi-filiform Lie
algebras and finally Lie algebras whose nilradical is L,, or ()2, denoted n,, ;. In Chapter 4
we introduce and study the notion of index for Hom-Lie algebras with respect to coadjoint
and an arbitrary representation. We provide some constructions and examples. Moreover,

we discuss semidirect products of Hom-Lie algebras.



Résumé de la thése

La théorie des groupes et algébres de Lie trouve son origine a la fin du 19éme siécle
dans les travaux du mathématicien norvégien Sophus Lie. FElle a connu de nombreuses
ramifications (géométries non euclidiennes, espaces homogenes, analyse harmonique, théorie
des représentations, groupes algébriques, groupes quantiques...) et reste encore trés active.
Par ailleurs ces objets interviennent aussi dans des branches a priori plus éloignées des
mathématiques : en théorie des nombres, par le truchement des “formes automorphes” et
du “programme de Langlands”, et en physique théorique, notamment dans la physique des
particules ou la relativité générale. H. Weyl a introduit la terminologie actuelle en 1934,
alors que la théorie et la structure générale des algébres de Lie complexes étaient déja bien
développées par E. Cartan, F. Engel, et W. Killing in 1888-1894.

Une algebre de Lie g est un K—espace vectoriel muni d’une application bilinéaire et

antisymétrique [—, —] : g X g — g vérifiant l'identité de Jacobi

[, [y, 2] + [y, [z, 2]] + [2, [2,9]] = 0, Vz,9,2 € g.

Plusieurs classes d’algebres de Lie ont été étudiés de facon approfondie, notamment,
les algebres de Lie linéaires, les algébres de Lie simples et semi-simples, les algebres de Lie
résolubles, et les algébres de Lie nilpotentes. La classification des algébres de Lie nilpotentes
complexes a été complétée jusqu’en dimension 7, par Ancochea et Goze, en utilisant les suites
caractéristiques [25]. Ils ont par ailleurs étudié, avec d’autres collaborateurs, la classe dont
le nilindice est maximal, appelées algébres de Lie filiformes. Les algébres de Lie dont le
nilindice maximal est abaissé d’une unité, sont appelées algébre de Lie quasi-filiformes. Dés
1970, Vergne a initié¢ ’étude des algebres de Lie filiformes [50]. Elle a montré que sur un
corps ayant une infinité d’éléments, qu’il n’existe que deux classes d’isomorphie d’algebres
de Lie filiformes naturellement graduées de dimension paire 2n, notées Lo, et (Qo,, et une

seule en dimension impaire 2n + 1, appelée Lo, 1 avec n € N. Plus récemment, Snobl et
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Winternitz ont déterminé dans [46] les algebres de Lie ayant comme nilradical l'algebre L,
sur le corps des complexes et des réels.

La déformation d’objets mathématiques est une des plus vieilles techniques utilisées par
les mathématiciens, les différent domaines ou elle est apparue sont la géométrie, I'analyse,
les variétés complexes, les variétés algébriques, les algébres associatives et les anneaux. La
théorie des déformations a été relancée par la quantification par déformation qui a été initiée,
en 1978, par Bayen, Flato, Fronsdal, Lichnerowicz et Sternheimer. L’approche la plus
populaire des déformations algébriques, a été décrite d’abord pour les algébres associatives
par Gerstenhaber en 1964, il a définit un cadre théorique pour la déformation des structures
algébriques [18], utilisant les séries formelles et la cohomologie. Le travail de Gerstenhaber
a été étendu a plusieurs autres structures algébriques. Par exemple, Balavoine a décrit les
déformations de tout algébre sur une opérade quadratique. Dans le méme sens, Hinich a
étudié les déformations des algébres sur une opérade différentielle graduée. Un autre type de
déformations d’algébres de champs de vecteurs consiste & remplacer les dérivations usuelles
par des o—dérivations. Les exemples concernant les algébres de Witt et Virasoro ont fait
apparaitre une structure d’algébre de Lie modifiée par un homomorphisme. Une étude
systématique de ce type d’algébres a été entreprise par Hartwig, Larsson et Silvestrov dans
[26] ou ils ont introduit le concept d’algebre Hom-Lie. Une algébre Hom-Lie est donnée par
un crochet antisymétrique sur un espace vectoriel et une application linéaire a modifiant la

condition de Jacobi de la maniére suivante

(), [y, 21] + [a(y), [z, 2] + [a(2), [z, 4]] = 0, Vz,y,2 € g.

Un outil important pour ’étude des algébres de Lie est la notion de représentation :
une représentation d’'une algébre de Lie est une fagon d’écrire cette algébre comme une
algébre de matrices, ou plus généralement d’endomorphismes d’un espace vectoriel, avec le
crochet de Lie donné par le commutateur. Elle est définie comme suit : Une représentation
a coefficients dans K est un couple (V, p) ou V est un K—espace vectoriel et p : g — gl(V)

est un morphisme, on simplifie souvent la notation en posant gv = p(g)(v) pour g € g,
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v € V. La représentation duale est donnée par

p* g — gl(V")

x> —p(a)”

Une représentation particuliére est la représentation adjointe elle est notée ad et définie par

ad : g — gl(g)

T ady Yy [z,Y]

La représentation duale dans ce cas est appelée la représentation coadjointe. Depuis les
travaux de Kirillov, il est bien connu que la représentation co-adjointe joue un réle important
en théorie des représentations.

La recherche des invariants dans les algébres de Lie et la description précise de ces in-
variants sont un aspect important de la théorie des invariants et de la théorie des groupes
de Lie, qui intéresse non seulement des mathématiciens depuis plus d’un siécle, mais égale-
ment des physiciens (opérateurs de Casimir, centre de I’algébre enveloppante d’une algebre,
isomorphisme de Duflo ...). Dans ce travail on s’intéresse a [’indice des algebres de Lie. La
notion d’indice est importante dans la théorie des représentations ainsi que dans la théorie
des invariants. Elle a été introduite par Dixmier [9]. Une forme linéaire f € g* est dite
réguliére si son orbite coadjointe g.f est de dimension maximale ou si, de maniére équiva-
lente, son stabilisateur gy est de dimension minimale. L’indice d’une algebre de Lie g n’est

autre que la dimension du stabilisateur d’une forme linéaire réguliére et on le note x(g) i.e.

= mindimg .
x(g) min dim g

Le stabilisateur g; de f est la sous-algebre de Lie d’éléments de g qui annihilent f dans la
représentation coadjointe. Qui est aussi une sous-algeébre de Lie g contenant le centre z(g)
de g. par [[9], 1.14.13],
x(g) = dim g — ranky(v) ([2s, ;]),; -
L’indice d’une algebre de Lie présente aussi un intérét dans la déformation et la théorie

des groupes quantique. Une algébre de Lie est dite Frobeniusienne si 'indice est 0, ce
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qui est équivalent & dire qu’il existe une fonctionnelle dans le dual de telle sorte que la
forme bilinéaire Bp, définie par Bp(x,y) = F([z,y]), est non dégénérée. Ou d’une maniére
équivalente s’il existe une forme linéaire f € g* telle que gy = {0}.

Les algebres Frobeniusiennes ont été étudiés par Ooms dans [37]. La plupart des études
de l’indice concernent les algébres de Lie simples ou leurs sous algébres. Elles ont été
considérées par beaucoup d’auteurs ([8], [13]-[16], [37], [43], [47]). Remarquons que l’algebre
de Lie simple ne peut jamais étre Frobeniusienne, mais beaucoup de sous-algébres le sont.
Il y a eu beaucoup de travaux récents sur la détermination de l’indice de certaines sous-
algébres d’une algébre de Lie semi-simple: sous-algébres paraboliques et les sous-algébres
associées ([8], [48]), centralisateurs d’éléments et les sous-algebres associées ([12]). L’indice
des produits semi-directs d’une algébre de Lie g par un espace vectoriel V, relativement a
une représentation linéaire p de g dans V, est donné par la formule de Rais.

Cette thése a pour objet I’étude de I'indice pour les algébres de Lie et leur généralisation,
les algébres Hom-Lie. On étudie la classe opposée aux algébres semi-simples qui est la classe
des algébres de Lie nilpotentes, on s’intéresse spécialement aux algébres de Lie filiformes
et quasi-filiformes. Dans la deuxiéme partie du travail, on établit la théorie de l'indice
dans le cas des algébres Hom-Lie. On étudie I'indice des algébres Hom-Lie multiplicatives
simples ainsi que 'indice du produit semi-direct d’algebres Hom-Lie. Par ailleurs, on suit
par déformation et par twist de Yau I’évolution de l'indice. De nombreux exemples sont
aussi proposés.

La thése est organisée de la maniere suivante : Le premier chapitre contient les prélim-
naires et les notions de base sur les algébres de Lie, illustrées par des exemples. Le deuxiéme
chapitre est consacré a la théorie des indices d’algébre de Lie dont on présente les définitions
et les résultats fondamentaux classiques. Pour les détails et les démonstrations, on renvoie
aux travaux suivants ([49], [11], [38], [12], [8], [9], [36], [47], [41], [42]). Notre résultat princi-
pal dans ce chapitre est la proposition suivante concernant I'indice d’une extension centrale
g d’une algebre de Lie gg par algeébre de Lie £ =cC :

Proposition 1 : Soit go une algébre de Lie, et soit g l'extension centrale de go par
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Ualgébre de Lie £ = cC, alors x (g) = x (go) + 1. Par ailleurs si f est un vecteur régulier
de g alors f =g+ pc* ou g est un vecteur régulier de go et p € C.

Pour établir ce résultat, on commence par définir I’algébre de Lie g par son crochet,

My, O
donnant la matrice associée qui est de la forme M = % et donc elle a le méme

0 0
rang que celle de l'algebre de Lie go d’ou l'indice est x (go) + 1.

On donne également dans ce chapitre la procédure pour calculer les vecteurs réguliers
(Remark 2.2.7). Une autre observation dans ce chapitre établit I’évolution de l'indice d’une
algebre de Lie par déformation.

Proposition 2 : L’indice d’une algébre de Lie décroit par déformation formelle a un
parametre.

Le chapitre 3 et 4 contiennent nos principales contributions & la théorie. Dans le chapitre
3, nous calculons I'indice et nous déterminons les vecteurs réguliers des classes d’algebres de
Lie nilpotentes, principalement la classe d’algébres de Lie filiforme et quasi-filiformes. Nous
considérons les deux classes d’algébres de Lie nilpotentes L,, et (J,,, nous établissons leurs
indices. Les résultats sont présentés dans la Propositions 3.3.1 pour I’indice de ’algébre L,,.

Proposition 3 : Pour n > 3, l'indice de l’algébre de Lie filiforme L, de dimension n

*

est x (Lp) = n — 2. Les vecteurs réguliers de Ly, sont de la forme f = p1 x5+ p2 x5+ ps x*

ot s € {3,...,n} et ps # 0.

La Proposition 3.3.2 établit I'indice de I'algébre @, :

Proposition 4 : Pour n = 2k et k > 2, L’indice de ’algébre de Lie filiforme @, de
dimension n est x (Qn) = 2. Les vecteurs réguliers de @y sont de la forme f =" | px}
avec pn # 0.

Dans la suite, on détermine les indices et les vecteurs réguliers associés aux algébres de

Lie filiformes de dimension n (n < 8) (Proposition 3.4.3).



Proposition 5 : Les indices d’algebre de Lie filiforme de dimension 7 sont :

X(]:%) =3 pouri=2,3,5,6,7 X(}“;l) =1,
1sia#{0,-1},

X (F7) =
3sia=0.

x (F7) =5.

Les vecteurs réguliers sont donnés dans le tableau suivant :

item regular vectors

=1 f:Z?ﬂpz‘ﬂUf—i-p(xZ—i-x;), sia=0
f= 2?21 pixf avec p; £ 0, si a # 0

i =2 | f=pa] + poxs + pla) + xf + xf) avec p # 0
i=3 f :Z?:1pi$;<

1=4 fzzzzlpixf avec ps =0,p3 =0

i=5| f=pa}+paxs+ psxh + paxi+p(zi + xf)

1=6 [ = p1x] + paxh + paas + p(a) + xf)

i =7 f=pia]+ pews + p3xl + paxi+p(xg + %)

i=8| f=3T paravec un des p; #0 i€ {3,..7}

14

Par la suite, on s’intéresse aux algébres de Lie quasi-filiformes graduées (Théoréme

3.5.3).

Théoréme 6 : Les indices d’algebre de Lie quasi-filiformes graduées sont :

cas ou n est pair
. x(Lp-1®C)=n—-2.

2. X(,]En,nf?))) =2.

3. X(Lppmy)=n—-r—1, 3<r<n-3.
cas ou n est impair :



15

8. x (shys)) =3
9. x (lgs)) =2 =23

La démonstration se base sur le calcul des matrices correspondantes aux algébres de
Lie graduées quasi-filiformes. On calcule leurs rang en petite dimension puis on généralise
a la dimension n. En ce qui concerne les vecteurs réguliés associés aux algebres 7(;, ,_3),
Tinn—a)s Lnr) €t €, ) les résultats sont donnés dans la Proposition 3.5.5.

Proposition 7 : Les vecteurs réguliers des familles T(y n—3y, Tinn—a), Linr) €t Q(,.,)
sont donnés par les fonctionnelles f suivantes, ou les =] sont des éléments de la base dual

et les p; sont des paramétres.

L. 7En,n73) :

n—1

f = pia avec p, o # 0.

=0

2. 7271,7174) :

n—1

F= 3 i avee poa 0.
i=0
3. Ln,y : m pair ou impair et 7 <n —2:
n—1

f= Zpla:f avec pp—1 #0etundesp; ZO0oui € {r+1,...n—2}.
i=0

4. Q(m) :

n—1

f= Zpi x; avec pnp_g2 # 0.
1=0
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5. ﬁ(n,TLfQ) .

n—1

f = pix} avec p,_1 # 0.

i=0
La démonstration se base sur le résultat donné dans la Remarque 2.2.7.
Enfin I'indice des algebres Lie dont le nilradical est L,, noté n, 1 et QQ2, est donné dans
les Propositions 3.6.2 et 3.6.4 avec les vecteurs réguliers :
Proposition 8 : Les indices des algébres de Lie filiformes ny, 1 dont le nilradical est Ly,

sont

Si dim 7 =n+1, alors x(7p+14) =n—1,i=1,2,3.

Si dim 7 =n+ 2, alors x(7p42,1) =n — 2.

Proposition 9 : Les indices des algébres de Lie filiformes dont le nilradical est Q2 de

dimension n sont

X (7-2n+1 ()\2)) = 1,
X (Ton+1 (2 —n,e)) =1,

X (T2n+41 (AS, ...,)\3”*1)) = 1.

Dans le chapitre 4, nous introduisons et nous étudions la notion d’indice pour une algébre

Hom-Lie par rapport & une représentation coadjointe et une représentation arbitraire. On
démontre d’abord le lemme suivant :

Lemme 10 : ?é%/}fdimg - f = dim g— min {dim gy, f € V*}.

Nous constatons que la formule de 'indice ne change pas dans le cas des algébres Hom-
Lie, sauf si 'algébre est obtenue par le principe de twisting introduit par D. Yau. Le principe
de twisting de Yau consiste a associer & une algebre de Lie, un morphisme d’algébre «, une
algébre Hom-Lie obtenue par composition de a et du crochet et dont 'application définissant
la structure est a. La formule de I'indice dans ce cas est donnée dans la Proposition 4.4.6 :

Proposition 11 : Soit (ga,[—, —]a,) une algébre Hom-Lie et ad la représentation

adjointe. Alors

X (8a) = n — rankyy) (a ([ei, €;])),; -
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Ce qui nous a permis de comparer 'indice d’algebre de Lie avec 'indice d’une algebre
Hom-Lie obtenue par le principe de twisting de Yau.

Théoréme 12 : Soit(g,[—,—]) une algébre de Lie, et soit (gu,[—, —|a, ) Ualgébre
Hom-Lie, alors on a x (ga) > x(g). Par ailleurs si f est un vecteur régulier de g alors il
est vecteur régqulier de gq.

Dans le cas ou « est bijective on a

X (8a) = X (9) -

La démonstration se base sur des résultats d’algebre linéaire.

On donne un exemple permettant au lecteur de voir les morphimes d’algébre Hom-
Lie obtenu par le principe de twisting, et leur indice Example 4.4.9. D’autre résultats
sont obtenus dans le cas d’une algébre Hom-Lie simple et multiplicative, les résultats sont
données dans le Théoréme 4.5.8

Théoréme 13 : L’indice d’une algébre Hom-Lie multiplicative simple (g,[—, —], @) est
le méme que l'indice de [’algébre de Lie induite multiplicative simple (g, a -, —})

On a aussi 'observation suivante (Proposition 4.5.9).

Proposition 14 : L’indice d’une algébre Hom-Lie multiplicative simple (g, [—, —], )
est strictement supérieur a 0.

Finalement, nous étudions le produit semi-direct d’algebre Hom-Lie. D’abord nous
donnant la representation co-adjointe du produit semi-direct, cela revient & vérifier I'identité
4.7. On obtient le résultat suivant.

Proposition 15 : Soit (q,[—, —|,7) une algébre Hom-Lie et soit (q,ad,~) la représen-
tation adjointe de q. Le triplet (q,ad*,~*) définit une représentation de (q,[—,—|y) si et

seulement si :

vyoad([x+u,y+v]) =ad(x+u)oad(y(y+v)) —ad(y+v)oad(y(z+u)).

Ce qui nous permet de définir le stabilisateur de cette représentation.



Proposition 16 : Pour toute n = (g, f) € q, on a

dn = {({E,U) €g va,ada@f,’l})(g,f) = 0}7
— {(@,v) € 3%, V., (adj (2) (9) — v foz- [) = O},

:{(x,v)ngpV,ad;(a:)(g):v*fet:v-fzo}.

Telle que adg (7) (9) = glz,y] =v*f:y€getx- f=0=x € ker (Kylgy).
Dans ce cas I'indice est donné par le Lemme 4.6.4
Proposition 17 : Soit (q,[—, —],7) une algébre Hom-Lie, x (q) = x (g) + x (g, p) -

Par contre si la représentation est adjointe, on aura : x (q) = 2x (g) .
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Chapter 1

Introduction to Lie algebras theory

The study of Lie algebras is much more elementary than that of the groups. This chapter
contains the basics about Lie algebras and the definitions of some interesting classes like

Nilpotent Lie algebras.

1.1 Definitions and basic properties
We will start with some elementary definitions and notions.

1.1.1 Basic definitions and examples

Definition 1.1.1 A Lie algebra over k is a vector space g along with an antisymmetric

map [—,—]: g X g — g satisfying the Jacobi identity :
[, [y, 2] + [y, [z, @]] + [z, [=,9]] = 0.

We can rewrite the Jacobi identity as

[z, [y, 2]] = [[=,v], 2] + [y, [, 2], (1.1)

or

[z, 9], 2] = [z, [y, 2] = [[=, 9], 2]. (1.2)

A homomorphism of Lie algebras is a k—linear map, a: g — g such that o ([z,y]) =

[a(x),a(y)] for all z,y € g.

19
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A Lie subalgebra of a Lie algebra g is a k—subspace s such that [z, y] € s whenever
x,y € s (i.e., such that [s,s] € s). With the bracket, it becomes a Lie algebra.

A Lie algebra g is said to be commutative (or abelian) if [z, y] = 0 whenever z,y € g.
Thus, to give a commutative Lie algebra amounts to giving a finite-dimensional vector space.

An injective homomorphism is sometimes called an embedding, and a surjective ho-

momorphism is sometimes called a quotient map.

Examples of Lie algebras

1. Abelian Lie algebras. Any vector space with the zero product [z,y] = 0.

2. R3 with vector product = x y. It can be defined by bilinearity and skewsymmetry,

once we postulate e; X ex = e3, e3 X e3 = €1, €3 X €] = ea.
3. From any associative algebra A we construct a Lie algebra on the same vector space
by setting
[z, y] = 2y — yz. (1.3)

The Lie algebra of n x n—matrices is called gi(n).

4. Let sl(n) be the subspace of gl(n) consisting of matrices with zero trace. Since
Tr(AB) = Tr(BA), the set sl(n) is closed under [z,y] = xy — yx, and hence is a

Lie algebra.

5. Let o(n) be the subspace of gl(n) consisting of skew-symmetric matrices, that is,

AT = —A. Then

(AB — BA)T = BT AT — ATBT
= (=B)(=4) = (=4)(-B)

— —(AB — BA),

so that o(n) is closed under [z,y] = xy — yx, and hence is a Lie algebra. If we want

to emphasize the dependence of the ground field k we write gl(n, k), sl(n, k), o(n, k).
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To define a Lie bracket on a vector space with basis ey, ..., e, we need to specify the

structure constants ¢, , that is, elements of k such that
n
[e1, em] = chmeT
r=1

1 0 01 0 0
For example, H = , X4 = , Xo = is a basis of the

0 -1 0 0 -1 0
vector space sl(2). One easily checks that

1. [H, Xy]|=2X4,[H, X_|]=-2X_,[ X+, X_|]=H.
Similarly,
00 0 0 01 0 -1 0
Re=100 -1 |,By= 0 00 |-R=]1 0 0
01 0 -1 00 0 0 0

is a basis of the vector space o(3). We have

Ry, Ryl = R, [Ry,R.] = Ry, [R:, Ry] = Ry,.

Definition 1.1.2 An ideal in a Lie algebra g is a subspace a such that [x,a] € a for all

x €ganda€a (ie., such that [g,a] C a).

Notice that, because of the skew-symmetry of the bracket

[g,0] C a < [a,9] C a < [g,a] C a and [a,g] C a, all left (or right) ideals are

two-sided ideals.

1.1.2 Graded Lie algebras

Definition 1.1.3 A graded Lie algebra is an ordinary Lie algebra g, together with a grada-
tion of vector spaces: g = @ g, where g, are the subalgebra of g. such that the Lie bracket
neZ

respects this gradation :

i, 95] C Gitj-
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1.1.3 Derivations, the adjoint map

Definition 1.1.4 Let A be a k—algebra (not necessarily associative). A derivation of A is

a k—linear map D : A — A such that

D (ab) =D (a)b+aD (b) for all a,b € A. (1.4)

The composite of two derivations need not be a derivation, but their bracket
[D,E]=DoFE—FEoD (1.5)
is, and so the set of k—derivations A — A is a Lie subalgebra
DergA=gl(A).
For example, if the product on A is trivial, then the condition 1.3 is vacuous, and so
Derg (A) =gl (A).

Definition 1.1.5 Let g be a Lie algebra. For a fized x in g, the linear map y :— [z,y] :
g — g is called the adjoint (linear) map of x, and is denoted adg(z) or ad(z) (we

sometimes omit the parentheses) .

For each x, the map adg(z) is a k—derivation of g because the condition 1.1 can be
rewritten as

ad (z) [y, 2] = ad () y, 2] + [y, ad (2) 2] .

Moreover, adg is a homomorphism of Lie algebras g — Der (g) because 1.2 can be

rewritten as
ad ([z,y] z) = ad (z) (ad (y) z) — ad (y) (ad (z) 2)
The kernel of adg : g — Deryg is the center of g,
z(g) ={zeg:[z,9 =0}

The derivations of g of the form adz are said to be inner (by analogy with the inner

automorphisms of a group).
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An ideal in g is a subspace stable under all inner derivations of g. A subspace stable
under all derivations is called a characteristic ideal. For example, the centre z(g) of g
is a characteristic ideal of g. An ideal a in g is, in particular, a subalgebra of g; if a is

characteristic, then every ideal in a is also an ideal in g.

1.1.4 The isomorphism theorems

When a is an ideal in a Lie algebra g, the quotient vector space g/a becomes a Lie algebra
with the bracket [z + a,y + a] = [z,y] + a.
The following statements are straightforward consequences of the similar statements for

vector spaces.

Remarks

1. (Existence of quotients). The kernel of a homomorphism g — g’ of Lie algebras is

an ideal, and every ideal a is the kernel of a quotient map g — q.

2. (Homomorphism Theorem). The image of a homomorphism, a : g — g’ of Lie
algebras is a Lie subalgebra, a/(g) of g, and « defines an isomorphism of g/ Ker («)
onto « (g); in particular, every homomorphism of Lie algebras is the composite of a

surjective homomorphism with an injective homomorphism.

3. (Isomorphism Theorem). Let h and a be Lie subalgebras of g. If [h,a] C a is a Lie

subalgebra of g, h N a is an ideal in h, and the map
z+hNa—ax+azh/hbna— (h+a)/a,
is an isomorphism.

4. (Correspondence Theorem). Let a be an ideal in a Lie algebra g. The map
h — b/a is a bijection from the set of Lie subalgebras of g containing a to the set of
Lie subalgebras of g/a. A Lie subalgebra b containing a is an ideal if and only if h/a

is an ideal in g/a, in which case the map g/h — (g/a)/ (h/a)is an isomorphism.
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1.1.5 Normalizers and Centralizers

For a subalgebra b of g, the normalizer and centralizer of f) in g are :

ng(h) ={z € g|[z,b] C b},
cg(h) ={z €g|lz,b] =0}.

These are both subalgebras of g, and ng(h) is the largest subalgebra containing b as an

ideal. When b is commutative, cg(h) is the largest subalgebra of g containing b in its centre.

1.1.6 Representations

A representation of a Lie algebra g on a k—vector space V is a homomorphism p : g —

gl (V). Thus p sends = € g to a k—linear endomorphism p (z) of V , and

p(z,9]) = p (@) p(y) —pY) p(z). (1.6)

We often call V a g—module and write zv or zyv for p (x) (v). With this notation
[z,y]v =z (yv) —y (zv).
A representation is said to be faithful if it is injective. The representation

T — adx
g — gl(e),

is called the adjoint representation of g (see Definition 1.1.5).

Let W be a subspace of V. The stabilizer of W in g is

gwdéf{xeg:xWCW}.

It is clear from 1.5 that gy is a Lie subalgebra of g.

Let v € V, The isotropy algebra of v in g is

gvdéf{ng:xU:()}.
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It is a Lie subalgebra of g. An element v of V is said to be fixed by g,

or invariant under g, if g = g,, i.e., if gv = 0.

Killing form

From the adjoint representation we derive the Killing form (named after W. Killing; in the

literature often denoted by B) of g , a symmetric bilinear form on g given by
k:gxg—k,
k(z,y) = kaa(z,y) = tr(adz o ady).

(The trace of the composition of linear transformations adx and ady, sending = € g to
[z, [y,y]]). Since Tr(AB) = Tr(BA) the Killing form is symmetric.

For an arbitrary representation (p,V) of g

kplz,y) 2 tr(p () 0 p (1))

Proposition 1.1.6 k,([z,y],2) = ky(x, [y, 2]) ~ ky(adyx, 2) + ky(x,ady 0 z). =0

If g = span (e, €2, ..., e,,) and g* = span (61,62, ...,e”) ;

= 05k (,y)

= Zek.ada: o ady.ey,
k=1

= Zek ['T7 [ya ekH .
k=1

Proposition 1.1.7 1. § € Der(g) ~ k(6(x),y) + k(z,d(y)) = 0.
2. 7 € Aut(g) ~ adry = Toad, o 71 ~ k(tx, y) = k(z, 7).
3. Uideal of g ~x,y € 1 = k(z,y) = ki(x,y).

4. Uideal of g,\* = {x € g: k(z,1) = {0}} ~ [* is an ideal.
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1.1.7 Extensions, semidirect products

An exact sequence of Lie algebras 0 — a — g — b — 0 is called an extension of b by a.
The extension is said to be central if a is contained in the centre of g, i.e., if [g,a] = 0.
Let a be an ideal in a Lie algebra g. Each element g of g defines a derivation a — [g, a]

of a, and this defines a homomorphism ¢ : g — Der (a), g — ad(g) | a.

Definition 1.1.8 A Lie algebra g is a semidirect product of subalgebras a and q, denoted

g =axgq, if a is an ideal in g and the quotient map g — g/a induces an isomorphism

q— g/a.
We have seen that, from a semidirect product g = a X ¢, we obtain a triple

(a7q7¢ q—= Dery, (a))7

and that the triple determines g. We now show that every triple (a, q, ¢) consisting of two
Lie algebras a and q and a homomorphism ¢ : ¢ — Dery (a)) arises from a semidirect

product. As a K—vector space, we let g = a ® q, and we define :

[(@.q), (d,d)] = ([a,d] + 40" = g0, [4,4]) (1.7)
Proposition 1.1.9 The bracket 1.4 makes g into a Lie algebra.

Proof. Routine verification. m

We denote g by ax4q. The extension
0—a—axgqg—q—0,
is central if and only if a is commutative and ¢ is the zero map.

1.1.8 The universal enveloping algebra

Recall that, for an associative algebra A with unity 1, a Lie algebra structure on A is given

by the Lie bracket [a,b] = ab — ba. Let g(A) denote this Lie algebra. Then g is a functor
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which converts associative algebras into Lie algebras. Every Lie algebra g has a universal
enveloping algebra U(g) which is an associative algebra with unity. The construction of the
universal enveloping algebra of a Lie algebra is useful in order to pass from a non-associative
structure to a more familiar (associative) algebra over the same field while preserving the

representation theory.

1.2 Nilpotent and Solvable Lie Algebras

We define now the nilpotent and solvable Lie algebras. These play an important role in the
general theory of Lie algebras, as do semisimple Lie algebras, which will neither be defined

nor used here. We will assume g to be a finite dimensional Lie algebra.

Solvable Lie Algebras

Recall from 1.5 that [g, g] is the derived subalgebra of g.

Definition 1.2.1 The series g = g, gV = [g,¢],..., g = [gCV, g0 V)], is called the
derived series of g.

Definition 1.2.2 A Lie algebra g is said to be solvable if there exist n € Z* such that

Proposition 1.2.3 1. g solvable , | is Lie-subalgebra ~~ | solvable.

Hom—Lie 1
- @

2. g solvable, ¢ : g ~ ¢ (g) solvable.

J solvable ideal

3. and = g solvable.

9/3J solvable

4. a and b solvable ideals= a + b solvable ideal.

Radical
Definition 1.2.4 Rad (g) = radical = maximal solvable ideal =sum of all solvable ideals.

Proposition 1.2.5 g = g; ® g> ~» Rad(g) = Rad(g,) ® Rad(g,)
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Nilpotent Lie Algebras
i—l]

Definition 1.2.6 The series g° = g, g' = [g,9],...,¢° = [g,9° ], ... is called the lower or

descending central series of a Lie algebra g.

Definition 1.2.7 The Lie algebra g is said to be nilpotent if there exists n € Z* such that

g" =0.
Example 1.2.8 An abelian Lie algebra is solvable and nilpotent.

Proposition 1.2.9 1. g nilpotent = 3 m : adxy o adxs o ... 0 adxy,, = 0~ (adx)™ = 0.

2. g nilpotent, <> 3 g, ideals § = go D g1 D g2 O ... D g-=1{0}, [g, 8] C gi;1

and dim gi /g; 1= 1.
3. g nilpotent = 3 basis eq, ea, ..., e, where adx is strictly upper triangular.
4. g nilpotent = k(z,y) = 0.
5. g nilpotent ~ z(g) # {0} .

6. g/z(g) nilpotent ~» g nilpotent.

Engel’s Theorem

Theorem 1.2.10 (Engel’s Theorem) g nilpotent, <= 3 n: (adx)” =0

Theorem 1.2.11 g nilpotent < exists a basis in g such that all the matrices adx, x € g

are strictly upper diagonal.

Proposition 1.2.12 g nilpotent = {x € g ~Tr adr =0} = k(x;y) = Tr (adrady) =0

Cartan Criteria

g C gl(V) .
Lemma 1.2.13 = [g,9] = g® nilpotent

r;y € g~ Tr(vy) =0)
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Theorem 1.2.14 (1st Cartan Criterion)

g solvable , kigg = 0.

Corollary 1.2.15 k(g,g) = {0} ~~ g solvable.

k is non degenerate, a ideal of g ~ at = {x € g: k(z,a) = {0}} is an ideal.

1.3 Simple and semisimple Lie Algebras

Definition 1.3.1 A Lie algebra g is called simple if the only ideals are g and {0}.
We can also defined a simple Lie algebra g as :

Definition 1.3.2 A Lie algebra is called simple if it is not abelian and has no non trivial

ideal.

Definition 1.3.3 We define a Lie algebra g to be semisimple if it is the finite direct sum

of simple Lie algebras g; : g = g1 ® g2-.. D gn-

Example 1.3.4 1. The O—dimensional Lie algebra is semisimple.
2. If g and g’ are semisimple, the g x g’ are also semisimple.

Remark 1.3.5 A simple Lie algebra is semisimple.

Definition 1.3.6 Rad(g) = {0} ~~ g semi-simple.

Theorem 1.3.7 ( 2nd Cartan Criterion)
g semisimple <= k non degenerate.

Toral ( Cartan ) subalgebra

g is semisimple.

Definition 1.3.8 Semisimple element :
s 18 semisimple e~ x € g T = Ts + Tp.
xs 18 semisimple element «~ adxs is diagonalizable on g.

xs and ys semisimple elements x5 + ys is semisimple and [zs,ys] is semisimple.
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Definition 1.3.9 Toral/ Cartan subalgebra

Toral subalgebra h = {zs , © = x5+ x, € g} i.e the set of all semisimple elements.

Theorem 1.3.10 The toral or Cartan subalgebra is abelian.

Roots construction

g semi-simple algebra,

h={zs:2€g, x =215+ x,} Toral subalgebra or Cartan subalgebra,

h =Chy +Chy + ... + Chy.

adp is a matrix Lie algebra of commuting matrices all the matrices have common eigen-
vectors.

>.; = eigenvalues of h; ~ g = u gAi , g\; linear vector space.

T € gy, ~ adp,x = \ix and \; # v Zw g, Ngy, = {0},

TE Gy NPr, N...N gy, h=crhy +caho + ... + cihy,

adpr = (c1\1 + 2o + ... + )z,

h*=Cur +Cuz+ ...+ Cry, i €4*, pi(hy) = dyy.

Definition 1.3.11 Of the roots h* 5 X = A1+ Aopia+ ...+ Ay ~> c1 A1+ cado+ ...+ X =
A(h) is a root. x € gy =gx, NGxr, N ... N @y, ~ [k, 2] = adpz = A(h)z,

g=Ug\  AFp~ang, ={0}.
Roots

g semisimple algebra, h = {zs:x € g, © = x5 + x,} Toral subalgebra, ady is a matrix Lie

algebra of commuting matrices ~~ all the matrices have common eigenvectors.

Theorem 1.3.12 (Root space)

Exists root space A C h* :

1. g= L
g b@ acA fao

2. T € ga, h € b~ adpx = [h,z] = a(h)z,
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3. b is a Lie subalgebra, g, are vector spaces.

(97, 9] C Gasps if: A+ pel

o0, = {0} if:Atu¢A

Proposition 1.3.13 A\, u € A ~~

Reductive Lie algebra

Definition 1.3.14 A Lie algebra is reductive if its adjoint representation is completely
reducible, whence the name. More concretely, a Lie algebra is reductive if it is a direct sum

of a semisimple Lie algebra s and an abelian Lie algebra a : g = s®a.

Definition 1.3.15 A Lie algebra g over a field of characteristic O is called reductive if any

of the following equivalent conditions are satisfied:

1. The adjoint representation of g is completely reducible (a direct sum of irreducible

representations).
2. g admits a faithful, completely reducible, finite-dimensional representation.

3. The radical of g equals the center: Rad(g) =z(g), The radical always contains the

center, but need not equal it.

4. g is the direct sum of a semisimple ideal so and its center z(g) : g = 5, ® 2(g).

Compare to the Levi decomposition, which decomposes a Lie algebra as its radical

(which is solvable, not abelian in general) and a Levi subalgebra (which is semisimple).
5. g is a direct sum of prime ideals: g =) _g;.
i

Some of these equivalences are easily seen. For example, the center and radical of s & a
is a, while if the radical equals the center, the Levi decomposition yields a decomposition
g = 50 ® 2(g). Further, simple Lie algebras and the trivial 1—dimensional Lie algebra [ are

prime ideals.

Definition 1.3.16 Reductive Lie algebras are a generalization of semisimple Lie algebras,
and share many properties with them : many properties of semisimple Lie algebras depend

only on the fact that they are reductive.
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Corollary 1.3.17 1. Let g be a Lie algebra, and a a semisimple Lie subalgebra of g.
Then at the orthogonal for the Killing form is a supplementary for a and we have

1
]

[a,a] C at.

L

2. If furthermore a is an ideal in g, then a’ is also an ideal and g = a x a*. Furthermore

1.3.1 Parabolic Lie algebra

Definition 1.3.18 In algebra, a parabolic Lie algebra p is a subalgebra of a semisimple Lie

algebra g satisfying one of the following two conditions:

1. p contains a mazimal solvable subalgebra (a Borel subalgebra) of g;

2. The Killing form of p in g is the nilradical of p.

Biparabolic subalgebras of semisimple Lie algebras were introduced by V. Dergachev

and A. Kirillov ( see [8] ) under the name of Lie algebras of seaweed type.

Definition 1.3.19 Let g be a complex semisimple Lie algebra. A biparabolic subalgebra of
g is defined to be the intersection of two parabolic subalgebras whose sum is g. Such algebras

are natural generalizations of parabolic subalgebras.



Chapter 2
Lie algebras Index

2.1 Introduction

The definition of the index goes back to Dixmier. It is a very important notion in repre-
sentation theory and in invariant theory. By definition, the index of a Lie algebra g noted
indg or Xg, is the minimum dimension of the stabilizers in a g element g*, for the coadjoint
action. The index theory of Lie algebras was intensively studied by Elashvili (see [13],[16]),
in the particular case of semi-simple Lie algebras and Frobenius Lie algebras. He classified
all the algebraic Frobenius algebras up to dimension 6. In [8], the authors connect the
computation of the index to combinatorial theory of meanders and evaluate the index of a
Lie algebra of seaweed type, which is equal to the number of cycles in an associated permu-
tation. The index of semi-simple Lie algebras was also studied in [48]. The authors of that
paper consider a semi-simple Lie algebra g with a Cartan subalgebra §, R its corresponding
root system, 7 a base of R, and S, T subsets of m. They provide an upper bound for the
index of gg 7, the direct sum of , and the sum of the root spaces for the positive roots in
the space spanned by S and the sum of the root spaces for the negative roots in the space
spanned by 7. They then verify that this inequality is actually an equality in a number of
special cases and conjecture that equality holds in all cases. See also [47], where the index
of a Borel subalgebra of a semi-simple Lie algebra is determined.

In this chapter we summarize the index theory of the index of Lie algebras. Let g be an
n-dimensional Lie algebra. Let = € g, we denote by adz the endomorphism of g defined by

adz (y) = [z,y] for all y € g.

33
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2.2 Index of Lie algebra

Let V be a finite-dimensional vector space over K provided with the Zariski topology, g be

a Lie algebra and g* its dual. Then g actes on g* as follows :

gxg" —g"

(@, f) =z f

where Ve g: (z- f)(y) = f([z,y]).

Let f € g* and ®; be a skew-symmetric bilinear form defined by
Q;:gxg— K
(@,y) = @¢ (z,y) = [ ([z,9]) -
We denote the kernel of the map ®; by gy,
gr ={zeg: f([z,y]) =0 vy e g} (2.1)
Definition 2.2.1 The index of a Lie algebra g is the integer
x (g) = inf{dim g;;f € g"}.

A linear functional f € g* is called regular if dim gy = x (g). The set of all regular linear

functionals is denoted by g.
Remark 2.2.2 The set g of all reqular linear functionals is a nonempty Zariski open set.

Let {x1,--- ,x,} be abasis of g. We can express the index using the matrix ([z;, z;])1<i<j<n

as a matrix over the ring S(g), (see [9]). We has the following proposition.

Proposition 2.2.3 The index of an n-dimensional Lie algebra g is the integer
X (g) = dim g — rankyv) ([2i, 5]);;

where K (V) is the quotient field of the symmetric algebra S(g).

Remark 2.2.4 The index of an n-dimensional abelian Lie algebra is n.
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2.2.1 Representation Index

Let g be a Lie algebra and p : g — ¢l(V) a finite-dimensional representation of g, i.e., V
is a g—module. Abusing notation, we write g.v in place of p(g)v, if g € g and v € V. An

element v € V is called regular or g—regular whenever its stationary subalgebra
gv={g€g| gv=0}
has minimal dimension. Because the function
v—dimgov (vevV)
is upper semicontinuous, the set of all g—regular elements is open and dense in V.

Definition 2.2.5 The nonnegative integer dim V—?lz%/x(dim g-x) = dim V—dim 9+}nivn (dim g- f)
eV eV

is called the index of (the g—module) V. It will be denoted by x(g,V).

This is the index of the g—module V. In the special case of the adjoint representation

(V = g), we simply write x(g), and speak about the index of a Lie algebra g.

Proposition 2.2.6 Let gg be a Lie algebra, and g be a central extension of go by a 1—dimensional
Lie algebra £ =cC, then x(g) = x(go) + 1. Moreover f is a regular vector of g then

f =g+ pc* where g is a regular vector of go and p € C.

Proof. Indeed, we have

[‘T7C] =0 Vz € go,
[c,c] = 0.

My, 0
Then the matrix associated to g is of the form M = % . It follows that rank (g) =

0 O
rank (go) . Therefore

x (9) = x (g0) + 1.
Let g be a regular vector of go. Then dim gf = x (go) and f = g + pc* is a regular vector

of g.We know that gr ={z €g, f([z,y]) =0,Vy € g} . We set

x =x0+ Ac and y = yorpc.
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Then

f ([, 9]) = g ([2,9]) + pc*([z,y]) = g ([z0, vo]) -

We have

g ([xo,y0]) = 0 if 29 € go, Vy € go-

Therefore gr = g + cC. =

Remark 2.2.7 In the sequel, we use the following procedure to compute regular vectors. We
recall that if dim gy = x (g) then f is a regular vector of g, where x (g) = min {dim gy, f € g*}
and gr ={z € g: f([z,y]) =0 Vy € g}.

The equation f([z,y]) = 0 implies D7) > 7% >y aibjpszy ([zi, 7;]) = 0.

It is equivalent to

Doic1 21 2osmt @ibjpsCY; = 0, where Cf; are the structure constants with respect to

the basis {x;};. Then for all j, we have Y7 Y " | aipsCj; = 0. It leads to

a1 0

(Z pscfj) . =
s=1 .

L

an 0

We denote by M = (Z?:l psij)ij and assume ij = —Cj‘?l-. We search the minors of
order n — x (@) of non-zero determinant of the matriz M. The matrix M = (22:1 pSij)ij
18 the same matriz as the multiplication table in which we replace x5 by ps.

Definition 2.2.8 A Lie algebra g over an algebraically closed field of characteristic 0 is

said to be Frobenius if there exists a linear form f € g* such that the bilinear form ®; on

g is nondegenerate.

In [15], the author described all the Frobenius algebraic Lie algebras g = R + N whose

nilpotent radical N is abelian in the following two cases: the reductive Levi subalgebra R
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acts on N irreducibly and R is simple. He classified all the algebraic Frobenius algebras up
to dimension 6. See also [37] and [38] for further computations.

We discuss now the evolution by deformation of the index of a Lie algebra. About
deformation theory we refer to [18, 35, 30]. Let V be a K—vector space and go = (V, [, ]o)
be a Lie algebra. Let K][[¢]] be the power series ring in one variable ¢ and coefficients in K
and V([[t]] be the set of formal power series whose coefficients are elements of V. A formal
Lie deformation of gg is given by the K[[¢]]-bilinear map [, ¢ : V[[t]] x V][[¢]] — V][t]] of the
form [, ]t =3 50l Jit', where each [, ]; is a K-bilinear map [, ]; : V x V — V., satisfying

the skew-symmetry and the Jacobi identity.

Proposition 2.2.9 The index of a Lie algebra decreases by one parameter formal defor-

mation.
Proof. The rank of the matrix ([z;, .’L’j])ij increases by deformation, consequently the index
decreases. m
2.3 Some useful inequalities about the index
Corollary 2.3.1 ([49]) Let g be a Lie algebra and f € g*. Then x (g) < x (gr) -
Remark 2.3.2 ([49]) If f is reqularin g*, then the prvious corollary implies that
dimg; = x (g) < x (gr) < dimgy.
Thus x (gr) = dim gy, which proves that g5 is a commutative Lie algebra.

Theorem 2.3.3 (/38])Let g be Frobenius and b an ideal of g such that g/b is nilpotent.

Then x(h) = dim g — dim b.
Proposition 2.3.4 ([11])

1. If g = g1 + g2, then x (g) = x (g1) + x (92);

2. x(g) > dim z2(g), where z(g) is the centre of g.
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3. If g is reductive, then x (g) = rank g.

Proposition 2.3.5 [8] Consider Q) = ®; (x,y) as a skew-symmetric form over g with co-
efficients in polynomials over g*. Let r be the maximal number such that A" is non-zero.

Then

2r + x(g) =dimg

Definition 2.3.6 ([9/, 1.12.7) A Lie subalgebra P of g is called a polarization if f([P, P]) =
0 and dim P = %(dimg +dimgy), in other words P is a maximal totally isotropic subspace
of g (equipped with ®¢ ). If in addition P is commutative then f is reqular by the following

observation.

Proposition 2.3.7 (see Theorem 14 of [36]). Let P be a commutative Lie subalgebra of
g: hi,....hy a basis of P and x1,...,x, a basis of g. Then the following conditions are

equivalent:

1. dim P = 1(dimg+ x (g)).
2. P = Py (such an f is necessarily reqular)
3. rankgv)([hi, 7;]) = dim g — dim P

Let g be a semisimple Lie algebra, p a parabolic subalgebra of g and u (resp.l) the
nilpotent radical (resp. a Levi factor) of p. In [[12], Corollary 1.5(i)], Panyushev showed

that

X (p) + x (u) < diml

He then suggested [[12], Remark (ii) of Section 6] that

X (p) + x (u) > rankg. (2.2)

For example, it is well known that if b is a Borel subalgebra of g and n is its nilpotent

radical, then x (b) 4+ x (n) = rank g (see for example [47], [[49], Chapter 40]).
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It is therefore also interesting to characterise parabolic subalgebras where equality holds
in 2.2. Indeed, in [41], Rais 1s looked for examples of direct sum decompositions g = m @ n

verifying the “index additivity condition”, namely m and n are Lie subalgebras of g and

x () = x (m) +x(n)

Parabolic subalgebras and their generalizations form one of the most interesting classes
of non-reductive Lie algebras. The seaweed subalgebras were introduced in [8] as the in-
tersections of two parabolic subalgebras whose sum is all of g (say, for g = gl(n,K) the
seaweed subalgebras are those subalgebras that preserve a pair of opposite partial flags in
the vector space K"

In [12], Panyushev proposed the following conjecture.

Conjecture 2.3.8 Let g be a reductive Lie algebra over the algebraically closed field K

Then

1. For any nonreductive seaweed subalgebra s in g, x (s) < rankg

2. For any proper parabolic subalgebra p in g, x (p) < rank g

The second part of the conjecture is obviously just the corollary of the first part, since
any parabolic subalgebra is also a seaweed subalgebra. On the other hand, it was shown
in [11] that for classical Lie algebras the second part of the conjecture actually implies the
first.

In the following we give some results of Rais [41] : We use the following notations : g is

a Lie algebra, a is an ideal, f a linear form on g and fo = fj4 is its restriction to a. We have
dimay, + dim gy < dim(g/a) + 2 codim(g. fo).
and we deduce the inequality of Panyushev

Theorem 2.3.9 ([49]) Let g be a Lie algebra and a an ideal of g Then :

Y (g) + x (a) < dim (g/a) + 2x (g, a) . (2.3)
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(so-called inequality of Panyushev) in fact, equality 2.3 is written
dim g—x (g) = 2 (dima—x (g,9)).

Proposition 2.3.10 We note 2 open Zariski in g* constituted by the linear forms such as f
codim(g.fo) = x(g,a) (i.e such that fo = |5 is a regular element for naurelle representation
of g in a). the equality : x (a) + x (g) = dim(g/a) + 2 + x(g,a) is realised if and only if :

For all f in Q, we have : as, + gy = ay.

Here we examine in particular the case where a is an abelian ideal which is a direct
factor, i.e we assume that there exists a subalgebra q of g such that g = q & a. When this
is so, we ay = a ® q(fo), where q (fy) is the annihilator of fy in g, i.e the set of x in g such

as: < f,[z,a] >= 0, for every linear form f.
Proposition 2.3.11 The following assertions are equivalent :

1. x(a) + x (g) = dim(g/a) + 2 + x(g,a).
2. For all f in Q, the "generic stabilizer"” q(fo) is abelian.

This Proposition gives some examples where there is equality :

1. Let q be a simple Lie algebra and p : ¢ — ¢¢(V) be a linear representation of finit
dimension. When this dimension is strictly upper than that of q, it is known that the generic
stabilizer is reduced to {0}. So there is equality in the inequality for Panyushev g =V <, q
with a =V x {0}.

2. Let q be a Lie algebra and : p: q — gf(q) be its adjoint representation. denotes by
g = q X, q the Lie algebra of semidirect product associated with this representation. We

know that ([42]) : x (g) = 2x (q). So we have, with a = q x {0} :

X (g) + dima = 2y (q) + dim q,

and dim(g/a) +2x(g,a) = dimq+ 2x (q) .

Therefore we have the equality, which may be looked as priori by noting that the generic

stabilizer of the coadjoint representation of a Lie algebra is abelian. Finally we note another



41

characterization in the case of equality, always when a is Abelian,which can have a geometric

interpretation.
Proposition 2.3.12 The following assertions are equivalent :
1. x(g) +dima = dim (g/a) + 2x (g, a)
2. For all f in Q, we have dim (g, f) = 2dim (g, fo) -
Indeed, equality 1 can be written
dimg — x (g) = 2(dima — x(g, ).

There are interesting examples where a is not Abelian and where there is equality in

Panyushev enquality.

Example 2.3.13 We consider the Lie algebra g of the group Mautner; g has (P,Q, E, X)

as a base with :

[P;Q]=E, [X,P]=Q, [X,Q]=—-P

The index of g is obviously 2. Consider the ideal a admitting (P,Q, E) as a base; it is the

Heisenberg algebra of dimension 3; therefore x (a) =1 and thus :

x(g) +x(a)=3

A direct calculation shows that x(g,a) =1 So :

dim(g/a) + 2x(g,a) = 3.



Chapter 3

Index of Graded Filiform and

Quasi Filiform Lie Algebras

3.1 Introduction

In this chapter we focus on the computation of the index for nilpotent Lie algebras, mainly
the class of filiform and quasi-filiform Lie algebras. The filiform Lie algebras were introduced
by M. Vergne (see [50]), she classified them up to dimension 6 and also characterized the
graded filiform Lie algebras. The classification of filiform Lie algebras of larger dimensions
is known. In particular L, plays an important role in the study of filiform and nilpotent
Lie algebras. It is known that any n-dimensional filiform Lie algebra may be obtained by
deformation of the one of the filiform Lie algebras L,. The classification of naturally graded
quasi-filiform Lie algebras is known. They have the characteristic sequence (n —2,1,1)
where n is the dimension of the algebra. In this chapter we focus on filiform Lie algebras
and quasi-filiform Lie algebras. We compute the index and provide the regular vectors of
n-dimensional filiform Lie algebras for n < 8 and quasi-filiform Lie algebras.This chapter is
organized as follows In the first Section, we review the nilpotent and filiform Lie algebras
theories. Section 2, is dedicated to the two graded filiform Lie algebras L, and @,. In
Section 3, we consider the classification up to dimension 8 and compute for each filiform
Lie algebra its index and the set of all regular vectors. In section 4 we compute the index
of graded quasi-filiform Lie algebras, and provide corresponding regular vectors. In the last

section we compute the index of Lie algebras whose nilradical is Q2.

42
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3.2 Nilpotent and Filiform Lie algebras

In this Section, we review the theory of nilpotent and filiform Lie algebras. Let g be a Lie
algebra. We set C'g = g and CFg = [C¥'g,g], for £ > 0. A Lie algebra g is said to be
nilpotent if there exists an integer p such that CPg = 0. The smallest p such that CPg = 0
is called the nilindex of g. Then, a nilpotent Lie algebra has a natural filtration given by

the central descending sequence:
g=C’g2C'lgD---CP gD CPg=0.
We have the following characterization of nilpotent Lie algebras (Engel’s Theorem).

Theorem 3.2.1 A Lie algebra g is nilpotent if and only if the operator adx is nilpotent for

all x in g.

In the study of nilpotent Lie algebras, filiform Lie algebras, which were introduced
by M. Vergne [50], play an important role. An n-dimensional nilpotent Lie algebra is
called filiform if its nilindex p equals n — 1. The filiform Lie algebras are the nilpotent
algebras with the largest nilindex. If g is an n-dimensional filiform Lie algebra, then we
have dimClg =n —1i for 2<i<n.

Another characterization of filiform Lie algebras uses characteristic sequences c¢(g) =
sup{c(z) : = € g\ [g, 8]}, where c(x) is the sequence, in decreasing order, of dimensions of

characteristic subspaces of the nilpotent operator adz.

Definition 3.2.2 An n-dimensional nilpotent Lie algebra is filiform if its characteristic

sequence is of the form c(g) = (n—1,1).

3.3 Index of Graded filiform Lie algebras

The classification of filiform Lie algebras was given by Vergne ([50]) up to dimension 6 and

then extended to dimension 11 by several authors (see [23, 6, 24, 43, 20]).
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In the general case there is two classes L,, and @),, of filiform Lie algebras which plays an
important role in the study of the algebraic varieties of filiform and more generally nilpotent
Lie algebras.

Let {x1, -+ ,x,} be a basis of the K vector space L, the Lie algebra structure of L,, is
defined by the following non-trivial brackets : [x1,2;] =241 1 =2,...,n — 1.

Let {x1, - ,x,—0k} be a basis of the K vector space @, the Lie algebra structure of

@y, is defined by the following non-trivial brackets.

Qn : [xl,xi] = Ti+1 1= 2, ey U — 1,

(i, Tp_iy1] = (=) x, i=2,.,k wheren = 2k.

The classification of n-dimensional graded filiform Lie algebras yields to two isomorphic
classes L, and @), when n is odd and to only the Lie algebra L, when n is even.
It turns out that any filiform Lie algebra is isomorphic to a Lie algebra obtained as a

deformation of a Lie algebra L,.

3.3.1 Index of Filiform Lie algebras
We aim to compute the index of L, and @, and regular vectors.

Index of L, : Let {x1,22,...,2,} be a fixed basis of the vector space V = L, and

{27, ..., 3} be a basis of the dual space. Set f =3, pix; € V*.

Proposition 3.3.1 For n > 3, the index of the n-dimensional filiform Lie algebra L, is
X (Ln) = n — 2. The regular vectors of L,, are of the form f = p1 xi+ p2 x5 + ps xk where

s€{3,...,n} and ps # 0.
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Proof. Since the corresponding matrix to the Lie algebra L, is of the form

0 r3 -+ Ip 0
—x3 0 --- 0 0
-z, 0 -~ 0 0
0 0O --- 0 0

and its rank is 2, then y(L,) = n — 2. The second assertion is obtained by a direct

calculation:

We set © = Y0, aiw, y = Y5y byzy, f= 300 psa} and ¢/ = {z € g: f(lz,y]) =
0 Yy € g}

Then f([z,y]) = 0 implies >3i"; 37 >0, aibjpsxy ([zi,x;5]) = 0. It is equivalent to

n n—1
Zzalb]ps x1,$] Zazblps 1‘1,1']]) 0.
s=1 j=2

Then we obtain ) ., 2?2—21 (a1b; — a;b1) psx (xit1) = 0. The equation )"~ (alb a;b1) piv1 =

0 should hold for all b;. It leads to the following system

a1pit1 =0, 2<i<n-—1,
S aipiy1 = 0.

Therefore, one of the p; satisfies p; # 0 where i€ {3,...,n}. =

Index of @), :

Proposition 3.3.2 For n = 2k and k > 2, the index of the n-dimensional filiform Lie

algebra Qr is x (Qn) = 2. The regular vectors of Qn are of the form f =31 | pixf with

pn # 0.

Proof. Since the corresponding matrix to the Lie algebra @, is of the form
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0 T3 X4 Tp-1 xp O
—x3 0 0 0 —x, 0
—x4y 0 0 Tn 0 0

—Zp—1 0 —x, 0 0 O
—Tn  Tn 0 ce 0 0 0

0 0 0 0 0 0 0

and its rank is n-2, then x(@,) = 2. The second assertion is obtained by the following
calculation.

Let {z1,22,.....,2zy} be a fixed of basis of Qpn, v = Y 1| axi, y = Z;‘:l bjz;, [ =
ST, peat and of = {z € g f(lz,y]) =0 Vy € g,

The equation f([z,y]) = 0 may be written as > i, >0 | >3 a;ibjpsa ([wi,2;5]) = 0. It

is equivalent to 277 (a1b;—aiby) pis1+ 7= (=) (a1bp_is1 — an_ir1b;) pn = 0. Then
(

2?2_21 (a1pi+1) bi =0,

n—1

—b1 Zizg iPi+1 = 07

2?521 (=) (a1pp) bo—it1 = 0,

- S (=)™ (@n—ig1pn) bi = 0.
Canceling the first and the last columns and the corresponding lines, leads to the fol-

lowing minor

0 0 0 -z,
0 0 zp, 0
0 -z, 0 0
x, 0 -+ 0 0

Hence, we obtain f =" | pa}, with p, #0. =

Using Proposition 2.2.9, we obtain the following result.



47

Corollary 3.3.3 The index of a filiform Lie algebra is less or equal to n — 2.

Proof. Any filiform Lie algebra N is obtained as a deformation of the Lie algebra L, since

X (L) = n — 2 and using Proposition 2.2.9, one has y (M) <n —2. =

3.4 Index of Filiform Lie algebras of dimension < 8

In this section, we compute the index of n-dimensional Filiform Lie algebras with n < 8.

Let g be an n-dimensional Lie algebra. We set {x1, zo, ...... ,ZTn} be a fixed basis of V = g,

{zf,25,...,2%} and f = Zizlpix;‘.

3.4.1 Filiform Lie algebras of dimension less than 6

Any n-dimensional Lie algebras with n < 5 is isomorphic to one of the following Lie algebras.
Dimension 1 and 2 We have only the abelian Lie algebras.
Dimension 3
Fi: [x1,22] = 3.
Dimension 4
Fi o[z, mo) = x5, (21, 23] = 24
Dimension 5
Fa ¢ (w1, 4] = @iy, for i = 2,3,4.

F2 o w12 = @ig1, for i = 2,3,4 and [x2, 3] = 5.

The computations of the index using Proposition 2.2.3 lead to the following result.
Proposition 3.4.1 The index of n-dimensional filiform Lie algebras with n <5 are
X(F) =1 x(F1) =2 x(F)=3 x(F)=1

The regular vectors of F} for n = 3,4,5 are of the form f = Z?:l pix; with one of p; # 0
i€ {3,4,5}

The reqular vectors of .7-"52 are of the form f = Z?:l piziwith p; # 0.i € {3,4,5}
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Proof. The filiform Lie algebras fg, F} and .7-"5} are of type L,,. For F2, the corresponding
matrix is of rank 4, then the index is one. The regular vector are obtained by direct

calculation. m

3.4.2 Filiform Lie algebras of dimension 6

Any n-dimensional Lie algebras with n = 6 is isomorphic to one of the following Lie algebras.
Fi i [x1,m) = miya, for i = 2,3,4,5
FE i [x1, ) = mia, for i = 2,3,4,5, [x2, 73] = 76
F8 i [x1, 3] = miya, for i = 2,3,4,5, [v2,75] = w6, and [z3,74] = —76
Fé w1, @) = wiq1, for i = 2,3,4,5, [12, 73] = x5, and [z2, 74] = 6
F i w,ai] = miqq, for i = 2,3,4,5, [ve,23) = x5 — T4, [T2,74] = w6, [12,75] =

ze, [553, 964] = —Te¢-

Proposition 3.4.2 The index of 6-dimensional filiform Lie algebras are

X (FE) =2 fori=2,4,3,5.

The regular vectors of F are of the form f = Z?:lpixfwith one of p; # 0.4 =
{3,...,6}(class of L, algebra ).

The regular vectors of F¢ are of the form f = p1a} + paxh + p(2} + x + x5)+ psai.

The regular vectors of Fg are of the form f = Z?Zl pix; with pg = 0.

The regular vectors of Fi fori = 3,5 are of the form f = 2?21 pix; with one of p; # 0

i€ {3,..6}.

3.4.3 Filiform Lie algebras of dimension 7

Any n-dimensional Lie algebras with n = 7 is isomorphic to one of the following Lie algebras.
Fii[zy, @) = @iga, for i = 2,3,4,5,  [v1,26) = awy, [v2,73] = (1+ ) w5, [02,74] =

(1+a)ze, [23,74] = 27.
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.7:72 sz, @] = xiqq, for i =2,3,4,5,6, [x9,x3] = x5, (X2, 4] = xg, [z2,75] = 7.

F3 i [x1, ) = w1, for i = 2,3,4,5,6, [vo, 73] = o5 + 26, [T2,74] = T6, |72, T5] = 7.

.7-“;1 D xr, ] = @i, for i = 2,3,4,5,6, [ze,x3] = 26, [T2,24] = X7, [T2,75] = 27,
[x3, 24] = —x7.

F2 (a1, i) = mipa, for i = 2,3,4,5,6, [ve,x3] = 6 + @7, [22,24] = 7.

F8: [x1,m) = wi1, for i = 2,3,4,5,6, [ve, 3] =36, [T2,74] = 77.

FI[x1,m5) = @41, for i = 2,3,4,5,6, [vo, 23] = 27

F8: [x1, ) = miy1, for i = 2,3,4,5,6 (class of L,, algebra ).
Proposition 3.4.3 The index of 7-dimensional filiform Lie algebras are
X (F4) =3 fori=2,3,5,6,7 x(F7) =1,

1 ifa#{ov_l}a
X (F7) =

3ifa=0.
x (F7) =5.

The reqular vectors of ]-'% are given by the following table

item regular vectors

i=1 f:Z?leimf—l—p(mg—i—x;), ifa=0
f= Z?:l pix; with p; #0, if a« #0

i =2 | f=pia} + poxd + pla) + xk + zf) withp #0
i=3 f =Y pi

1 =4 fzzzzlpix;‘ with pg =0,p3 =0

(3.1)

i=5| f=p1a}+ paxl + pazrh + paxitp(ai + xf)

1=26 [ =pix] + paxh + psas + p(a) + xf)

i="T1| f=npial+pexd+ pszl + paxi+p(zh + %)

1=8| f= Zzzlpim;‘wz'th one of p; 20 i€ {3,..7}
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3.5 Index of Graded quasi-filiform Lie algebras

The classification of naturally graded quasi-filiform Lie algebras is known and given in [21].

They have the characteristic sequence (n — 2,1,1) where n is the dimension of the algebra.

Definition 3.5.1 [21] An n-dimensional nilpotent Lie algebra g is said to be quasi-filiform

if C"3g #0 and C"2g = 0, where C%g =g, C'g = [g,C"'g].

In the following we describe the classification of naturally quasi-graded filiform Lie
algebras

let B = {xox2,...,n—1} be a basis of g :

3.5.1 Naturally graded Quasi-filiform Lie algebras

We consider the following classes of n-dimensional Lie algebras which are naturally graded
quasi-filiform Lie algebras,
we set
Split : L1 ®C (n>4):
[0, ;] = Tit1. 1<i<n-3.
Qn-1®C (n>7, nodd),

[z0, 2] = Tiy1. 1<i<n-—3,

n—

IN
|

[ Tn—a—i] = (—1)" " zp_a. 1<

Principal : L, (n >5, rodd, 3<r<2 ["Tfl] — 1) :

w

[z0, 2] = @iy, 1<i<n-—3,

(4, i) = (1) g, 1<i< 5t

Q) (n>7, nodd, rodd,3 <r<n-—4):

[T0, zi] = Tiy1, 1<i<n-—3,
[xi’xr_i] = (_1)i_1 Tn—1, 1 < 1 < %7
[y 2n—2i] = (=1)" s, 1<i< nT—?’

Terminal : 7, ,—3) (n even,n > 6) :

[0, T3] = Tiy1, 1<i<n-3,



[xn—lv 561] = nT%fL'n—%

%3, @n—s—i] = (=1)" " (Tn=s + Tn_1), 1<i<nd
(@6, xn o] = (1)1 252, 1<q<nd
Tinn—a) (nodd,n>7),

[z0, xi] = Tit1, 1<i<n-—23,

[Zn—1,21) = 232 Tn—ai, 1<i<?,

(i, i) = (1) (Tp-a + p1), 1<i<nz®
(i, @3] = (—1)7 1 =52, 1<i<n8
s ] = (D7 G- ), 1SiS g

Moreover, we have the following 7-dimensional and 9-dimensional Lie algebra [17].

[x0, 3] = iy, 1<4 <4,
[xﬁaxi] = T3+i, 1 S ] S 27
&(73)
[1,x2] = 3 + s,
(1, %] = xi41, 3< 1< 4
\
[0, xi] = xi41, 1<1<6,
[a:s,a:i] = 2.565.;,.,‘, 1 S 7 § 2,
1.
€05 ° \ [1, 4] = x5 + 28, |21, 5] = 26,
(€1, x6] = 327, [T2,23] = —5 — s,
(T2, 24] = —x6, [v2,25] = —27.
.
[:L'(),xi] = Ti+1, 1 S ] S 67
[xs,mi] = 2.565.;,.,‘, 1 S 7 § 2,
2
05 ° 21, 24]) = x5 + T8, [21, 25] = 2765,
[901,%] = I7, [$2,933] = —T5 — I8,
(22, 24] = —26, [T2, T5] = 7, [13, T4] = —227.
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[z0, 2] = xi41, 1<1<6,

[z, 28] = x6, 1<1<2,

3 .

€95 * \ [v1, 4] = w8, [73,74] = =327,
(29, x4] = —w6, |21, 25] = 2,
[x27$3] = —Is, [!L‘Q,$5] = 2x7.

\
are graded quasi-filiform Lie algebras.

Theorem 3.5.2 [21] Every n-dimensional naturally graded quasi-filiform Lie algebra is

isomorphic to one of the following Lie algebras :

o Ifnis even to Ln—1 & C, T(, 5—3), or L, ) with T odd and 3 <r <n — 3.

o Ifnisoddto Ln-1®C, Qn-1DC, Liyn-2), Tinn-1) Liny), o7 Q, ) withr odd, and

3<r<n-—4. In the case of n =7 and n =9, we add (7 3), 5%9’5), 5?9’5), 5?975).

Index of graded quasi-filiform Lie algebras :

In the following we compute the index of graded quasifiliform Lie algebras. Let g be a

n-dimensional graded quasi-filiform Lie algebra

Theorem 3.5.3 Index of graded quasi-filiform Lie algebras are

case where n is even

1. x(Lp—1 @ C)=n-2.

2. X(T(nn-3)) = 2.

3 X(Lpmy)=n—r—1, 3<r<n-3.
case where n is odd :

1. x(Lp-1 & C)=n—2.

2. x(Qn-1®C) =3.
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X('C(n,an)) =3.

. X(ﬂn,n—4)) =3.

X(Lpngy) =n—1—1, E3<r<n-3.
X(Qnry) = 3.
X () =3
X <6%9’5)) = 3.

X (slogs)) =2 i=2.3.

Proof. case where n is even

93

The corresponding matrix to the graded quasi-filiform Lie algebra L,,_1 & C is of the

form

0 To
—X9 0
—Zp—1 O
0 0
0 0

Its rank is 2, then x(L,—1 & C) =n — 2.

Tn—1

The corresponding matrix to the graded quasi-filiform Lie algebra 7, ,,_3) is of the form
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0 2 a3 o T T2 0 0
—z3 0 0 o Tpegt a1 () a2 0 (%) za
—z3 0 0 — (%59 22 0 0 0
~Tpog —Tpez — Tpo1 (U50) Tn2 0 0 0 0
—2n2 — (%) T2 O 0 0 0 0
0 0 0 0 0 0 0
0 — (%) zp—e 0 0 0 0 0

Its rank is n — 2, then x(7(,, ,—3)) = 2.

The corresponding matrix to the graded quasi-filiform Lie algebra L, ) is of the form

n,r

0 To X3 - Ty, “er Tp_3 Xp—o 0 0
—I9 0 o - —xp_1 - 0 0 0 0
—x3 0 o --- 0 e 0 0 00
—Zr  Tp_1 O - 0 e 0 0 0 0
—Tp_3 0 o --- 0 e 0 0 00
—Tp_9 0 o --- 0 e 0 0 00
0 0 0 0 0 0 00

0 0 0 0 0 0 00

For 3 <r <n -3, its rank is 7 + 1. Then x (L, y) =n—7 -1,

case where n is odd :




95

The corresponding matrix to the graded quasi-filiform Lie algebra L,_; ¢ C is of the

form

0 ) Tn—-1 0 O
—Z9 0 0 0 0
—Tp—1 O 0 0 0
0 0 0 0 0
0 0 0 0 0

Its rank is 2, then x(L,—1 ® C) =n —2.
The corresponding matrix to the graded quasi-filiform Lie algebra @,—1 @ C is of the

form

0 x2 T3 Tp-g  Tp—2 0 0
—I9 0 0 - 0 —ZTp—o 0 O
—x3 0 0 s —Zp—2 0 0 0
—Zp—3 0 —Tp—g -+ 0 0 0 0
—Tp_9 Tp_o O - 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

Its rank is n — 3, then x(Q,—1 @ C) = 3.

The corresponding matrix to the graded quasi-filiform Lie algebra L;, ,_9) is of the form
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0 T9 T3 T4 Tp_3 Tn_2 0 O
— T 0 0 o - 0 —Zp—1 0 O
—T3 0 0 0 - zyp1 O 0 0
—T4 0 0 o -~ 0 0 0 0

0 0 0 0
—Zp—3 0 —Zp—1 0 - 0 0 0 0
—Tp—2 Tp—1 O o -~ 0 0 0 0
0 0 0 o -~ 0 0 0 0
0 0 0 o .- 0 0 0 0

Its rank is n — 3, then x (L, ,—2)) = 3.

The corresponding matrix to the graded quasi-filiform Lie algebra L, ) is of the form

0 To X3 - Ty “v+ Tp_3 XTp_o 0 0
—Io 0 0o - —xzp_1 - 0 0 0 0
—x3 0 0 0 0 0 00
— Ty Tp—1 O 0 0 0 0 0
—Tp_3 0 o --- 0 e 0 0 0 0
—Tp_9 0 o --- 0 e 0 0 0 0
0 0 0 0 0 0 0 0

0 0 0 0 0 0 00

Its rank is r + 1, then x(L(p)) =n—7—-1,3<r <n-—4.

The corresponding matrix to the graded quasi-filiform Lie algebra 7(,, ;,_4) is of the form
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0 T2 3 T4 Ty—4 Tp—3 Tp—2 0 O
—x2 0 0 0 o Tp—4tTpoa ";59%73 0 (. (%75) Tn—3
—z3 0 0 0 —(%)mn,g NS s O 0 —(";5)%,2
—xy 0 0 0 —2 ("T*G)z 5 0 0 )
n—17 n—6
—Tn—4 “Tn—4 — Tp—1 (”T)”’WL—S Q(HT) Ty —2 0 0 0 0 0
—on-g (") a3 —(232)zn2 O 0 0 0 0 o
—Zp_5 O 0 0 0 0 0 )
0 0 0 0 0 0 0 0 0
0 (252) on—s (%52)an—> 0O 0 0 0 0o o

Its rank is n — 3, then x (’Z'(n’n,zl)) =3.

The corresponding matrix to the graded quasi-filiform Lie algebra Q(, . is of the form

0 To T3 Ty Tpn_3 Tp_o 0 0
-T9 0 o - —xp1 - 0 —Zp—2 0 0
—T3 0 o - 0 - 0 0 0 0
—x, Tp-1 O - 0 e 0 0 0 0
—ZTp—3 O o -~ 0 e 0 0 0 0
—Tp_o Tpo 0 oo 0 - 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

For 3 <7 <n —4 its rank is n — 3. Then x(Q,,)) =3. =

Remark 3.5.4 There are no Frobenius quasi-filiform Lie algebra.
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Regular vectors

Proposition 3.5.5 The regular vectors of the families Ty, n—3y; T(nn—a)s Lingy and Q, )
are given by the following functionals f where x; are the element of the dual basis and p;

are parameters.

1. 7V(n,nf3) :

n—1

f= Zpi x; with pp—2 # 0.

1=0

2. %n,n—4) :

n—1

f= szx;* with pp—2 # 0.

=0
3. Lny) i n odd or even andr <n—2:

n—1

f= Zple with pp—1 # 0 and one of p; # 0 wherei € {r+1,...,n — 2}.
i=0
4 Q)
n—1
f= Zpi xy with p,—2 # 0.
i=0
. [,(mn_Q) .

n—1
f= Zpix;“ with pp—1 # 0.
=0

Proof. 7(;, ,_3):

The associate system of the graded quasi-filiform Lie algebra 7, ,_3) is of the form:
(n—3
aipi+1 =0,
i=1

aop2 — an—4(Pn—3 + Pn-1) — nTiélan—Bpn—2 + nTiélan—lpn—Q =0,

aopi+1 + (—=1)" an—3—i(pn—3 + pn_1) — (—=1)° B2 gy o iPn—2 =0, i=2,..n—4,

—4
aopn—2 + “5-a1pn—2 =0,

4
—"5"a1pp—2 = 0.

It turns out that p,_o # 0 gives a solution of this system such that dimg/ = Xg, then

the regular vectors are given by : f = Z?:_Ol p; x; with p,—2 # 0.
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7En,nf4):
The associate system is of the form:
(n—3
> aipi+1 =0,
i=1

aop2 — an—5(Pp—a + Pn-1) — %52 An-aPp—3 + F2an_1pn—3 = 0,

a0p34_an—6(pn—44_pn—1)+'E§Zan—5pn—3'_ 25an aPpn—2 + " an 1Pn—2 =0,

i n—3—21 i n—3—1

aopit1 + (—1)" an—a—i(pna + pno1) + (=1) =32 a, 5 ip,_ 3 — (1) =2=a, o pr_0 =0

aopn—3 = 0,

_7alpn 3+ “Bagp,_2 =0,

aopn—3 + 52 a1pp—3 + “5>aspn—z = 0.
It follows that Pn_2 # 0 gives a solution of this system such that dim g/ = Xg; then the

regular vectors are given by : f = Z?:_()l pi x; with p,—2 # 0.
Lnyy n odd or even and r < n — 2.

We cancel the columns (r 4+ 1) until (n — 1) and the corresponding lines. We obtain the

following minor

0 0 0 —pn

0 0 Pn—1 0

0 —Pn-1 0 0
Pn—1 0 -0 0

It is of non-zero determinant and this leads to f = >_"  px}, with p,—; # 0 and one
of the p; satisfies p; # 0 where i € {r +1,...,n — 2} .

The same reasoning and calculations are used for ¢, ) and L, ,,—2). ®

Remark 3.5.6 Since L,,_ 1 ®C and Q,—1 D C are the central extension of L, and @, then

the regular vectors could be given using Proposition 2.2.6.
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3.6 Index of Lie algebras whose nilradical is L, or (),
Snobel and Winternitz determined the Lie algebras whose nilradical is isomorphic to the

filiform Lie algebra L,,. In their work this algebra is denoted by n, ; and it is defined with

respect to the basis{z1,...,z,} by
[xi,xn] = Ti—1, 1= 2, ey U — 1.

Theorem 3.6.1 [17] Let T be a solvable Lie algebra over a field K = R or C and having as

nilradical ny, 1. Then it is isomorphic to one of the following Lie algebras.

1. If dimT=n+1, set B=A{z,,...,x,, f} be a basis of T.
Tn+1,1 defined as
(fixzil=(n—24+8)x;, i=1,....,n—1,
[fs Zn] = xn.
Tn+1,2 defined as
(foxi| =i, i=1,..,n—1.
Tn+1,3 defined as
[fyzil=m—d)z;, 1=1,..,n—1,
[fyxn]) = T + Tn_1.
2. If dim T =n+2, set B={x1,...,xn, f1, fo} be a basis of T.
Tn+2,1 defined as
Lzl =m—-1—d)z,i=1,.,n—1,
[fo,mi] =, i=1,...,n—1,

[fl?xn] = Tn, 1= 1,...,n — 1.
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3.6.1 Index of Lie algebras n,,; whose nilradical is L,

Proposition 3.6.2 Index of Lie algebras n,1 whose nilradical is L, are

If dim 7 =n+1, then x(Th414) =n—1,i=1,2,3.

If dim 7 =n+2, then x(Tny21) =n — 2.

Proof. Set dim 7 = n + 1. The corresponding matrix to the algebra 7,111 is of the form:

0 0 e 0 0 —(n—2+4+p)n1
0 0 - 0 0 —(n—2+4p0)x
0 0 _(n_2+,6)In—1
0 0 0 0 —Tn
m=24+p)z1 n—2+p)z2 -+ (M—24+pF)xp-1 x, O

Its rank is 2, then x(7p41,1) =n — 1.

The corresponding matrix of the Lie algebra 7,11 2 is of the form:

0 O 0 0 —z

0 O 0 0 —x

o o -~ 0 0 —zp1
o o -~ 0 0 0

1 x2 - xp—1 0 0

Its rank is 2, then x(7p412) =n — 1.



The corresponding matrix to the Lie algebra 7,113 is of the form:

0 0 e 0 0 0 —(n—1)z

0 0 0 0 0 —(n—2) 2y

0 0 0 0 0 —(n—(n—2))xn_2
0 0 0 0 0 —Tn_1

0 0 0 0 0 —Tp — Tp—1
(n—er =2z -+ (n—M—2)zp—2 Tp_1 Tp+xTp_1 O

Its rank is 2, then x(7p413) =n — 1.

If dim 7 = n + 2, the corresponding matrix to the Lie algebra 7,121 is of the form:

0 0 e 0 0 (n—2)z x1

0 0 e 0 0 (n—3)xs T2

0 0 e 0 0 (n—n)Tp-1 Tn_1
0 0 e 0 0 T 0
—(n—2)zy —(n—3)z2 -+ —(n—m)xzp_1 —z, O 0
-1 —T2 SRR S | 0 0 0

Its rank is 4, then x(7Tp42,1) =n—2. =

Regular vectors

fdmr=n+1

1. Tn+1,1

n
f= Zpl- x; with p1,...,pp # 0.

=1
2. Tn+l72

n
f=_pia withpr,....po_y # 0.
=1
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3. Tn+173

n
f= Zpi x; with p1,...,p, # 0.
i=1

Ifdimr=n+2

4. Tn+271

n
f= Zpi x; with p1,...,p, # 0.
i=1

Proof. Straightforward calculations following Remark 2.2.7. m

3.6.2 Lie algebras whose nilradical is ()2,

Proposition 3.6.3 [17] Any real solvable Lie algebra of dimension 2n+ 1 whose nilradical
Q2 1s isomorphic to one of the following Lie algebras :

let B={x1,...,x2,,y} be a basis of T

1. Tang1 (A2)
(1, 2] = Ty, 2<k<2n—2,
[k, Bant1 k) = (1) 220, 2<k <,
[y, z1] = 71,
[y,zi] = (K —2+ Xo)zg, 2<k<2n-—2
[y, 2] = (2n — 3 4 2X2) Tay,.

2. Topt1 (2 —n,e)
(X1, 2] = Tpy1, 2<k<2n-—2,
[Tk, Ton1 k] = (—1) 9, 2<k<mn,
[y, z1] = 21 + ex9,, €= —1,0,1,
y,ap] = (k—n)zk, 2<k<2n-—1,

[y7 IQn] = T2n-
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[xl,xk] = Tk+1, 2 S k S 2n — 2,

[$ka$2n+1—k] = (—1)k Ton, 2<k<mn,

[2n7237t

[V, oqt) = Tope + D )\gk+19€2k+1+t, 0<t<2n—6,
k=2
[yv $2n—k] = T2n—k, k= 1a 27 37

L% :1:271] = 2:17271-

Index of Lie algebras whose nilradical is (s,

Proposition 3.6.4 Index of n-dimensional Lie algebras whose nilradical is Q2p, are

X (T2nt1 (A2)) = 1,
X (T2n41 (2 —n,e)) =1,

X (Ton+1 ()\g, ey )\gnq)) = 1.

Proof. The corresponding matrix of the Lie algebra 79,41 (A2) is of the form:

0 x3 T4 0 0 —x]
—z3 0 0 Top 0 —A2z2
—x4 0 0 0 0 —(n—(n—1)+ X2)x3
0 —20n, O 0 0 —(n—1+X2)z2n—1
0 0 0 0 0 —(2n — 3 4+ 2X3) zop
T oo (n—(n—1)+ Xg)xz3 (n—14X2)xo,_1 (2n — 3+ 2X2) z2n 0

Its rank is 2n, then x (72,41 (A2)) = 1.

The corresponding matrix of the algebra 79,41 (2 — n,¢) is of the form

0 x3 x4 cee Top—1 0 0 —T] — X2,

—x3 0 0 cee 0 Ton 0 —(n—2)zo

—xq 0 0 ce —Ton 0 0 —(n —2)z3

—Zop—1 0 Ty ce 0 0 0 —(n—(2n—1))z2,_1
0 —ZTon 0 0 0 0 —Ton

0 0 0 0 0 0 0

z1 + exap (n —2)zo (n—2)z3 ce (n—(2n —1))zo,_1 Top 0 0

Its rank

is 2n, then x(m2n41 (2 — n,¢e)) = 1.
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Since the corresponding matrix of the algebra 79,41 ()\g, R /\gn_l) is of rank 2n then

the index is 1. m

Remark 3.6.5 The procedure described in Remark 2.2.7 could be used to compute the reg-

ular vectors of Lie algebras whose nilradical is Qap,.



Chapter 4

Index of Hom-Lie Algebras and

semidirect products

4.1 Introduction

The notion of Hom-Lie algebras was introduced by Hartwig, Larsson, and Silvestrov in
[26]. A Hom-Lie algebra is a triple (g,[—, —], @), where « is a linear self-map, in which
the skewsymmetric bracket satisfies an a—twisted variant of the Jacobi identity, called the
Hom-Jacobi identity. When « is the identity map, the Hom-Jacobi identity reduces to the
usual Jacobi identity, and g is a Lie algebra. In [34] Makhlouf and Silvestrov introduced the
notion of Hom associative algebra (A, p1, &) in which « is a linear self-map of the vector space
A and the bilinearity operation p satisfies an a-twisted version of associativity. Associative
algebras are a special cases of Hom-associative algebras in which « is the identity map. The
dual notion of Hom-coalgebra was considered in [33].

We start by considering representations of Hom-Lie algebras. The representation the-
ory of an algebraic object reveals some of its profound structures hidden underneath. In
[44] Y. Sheng defined representations of Hom-Lie algebras and corresponding Hom-cochain
complexes. In particular, he obtain the adjoint representation and the trivial representation
of Hom-Lie algebras. A complete theory of the index exist for Lie algebra however we have
not this theory in the case of Hom Lie algebras. The first main purpose of this chapter is
to introduce the index of semidirect products of Hom-Lie algebras. In the second Section

we summarize the definitions and basics of Hom-Lie algebras from [26, 34, 53].

66
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In Section 3, we study the index of Hom-Lie algebras. We introduce the notion of the in-
dex of Hom-Lie algebras in the case of coadjoint and an arbitrary representation. Moreover,
we compare the index of Lie algebra with the index of Hom-Lie algebra obtained by twist-
ing. In the last Section we give the index of semidirect products of Hom-Lie algebras, but

before we explore the coadjoint representations of semidirect products of Hom-Lie algebras.

4.2 Preliminary
We work in this chapter over an algebraically closed fields K of characteristic 0

4.2.1 Hom-Lie Algebras

The notion of Hom-Lie algebra was introduced by Hartwig, Larsson and Silvestrov in [26]

motivated initially by examples of deformed Lie algebras coming from twisted discretiza-

tions.
Definition 4.2.1 [26] A Hom-Lie algebra is a triple (g,[—, —], ) consisting of a vector
space g, a skew-symmetric bilinear map [—,—] : g X g — g and a linear map : « : g — g

satisfying the following Hom-Jacobi identity:

[a(@), [y, 2]] + [a(y), [z, 2]] + [a(2), [z, y]] = 0. (4.1)

Let (g1,[—, —]1, 1), (82, [—, —]2, @2) be two Hom-Lie algebras. A linear map (3 : g1 — g2

is a Hom-Lie algebra morphism if it satisfies

B [xvy]l = [ﬁ(x),ﬁ(y)b ’ Vx,y €
Boar =agop.
The map S is said to be a weak Hom-Lie algebras morphism if it satisfies only the first

condition.

Remark 4.2.2 We recover classical Lie algebra when o = idg and the identity (4.1) is the

Jacobi identity
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Definition 4.2.3 [26/ A Hom-Lie algebra is called a multiplicative Hom-Lie algebra if is

an algebraic morphism, i.e. for any x,y € g we have a([z,y]) = [a(z), a(y)].

Definition 4.2.4 [26] A sub-vector space $ C g is a Hom-Lie sub-algebra of (g, [—, —], )

if a(9) C $H and 9 is closed under the braket operation i.e.

[h, b€ 9,Vh, i€ .

Consider the direct sum of two Hom-Lie algebras, we have :

Proposition 4.2.5 [26] Given two Hom-Lie algebras (g, [—, —|, @) and (9,[—, -], 3), there

is a Hom-Lie algebra (g ® 9, [—, —],a + ), where the skew-symmetric bilinear map

[—,-]:00H*XgDH—gDH

s given by
[(z1,91), (22, 92)] = ([z1, 2], [Y1,92]), VT1, 22€ @, Y1, 12€ H,

and the linear map

(a+06):gdH—gdH

is given by
(a+ B)(z,y) = (a(z), B(y)), Vz€ g,y€ H.
A morphism of Hom-Lie algebras : (g,[—, —], @) and ($,[—, ], 8) is a linear map ¢ : g — 9,
such that
¢lz,yl = [(x),d(y)], Yo,y € g (4.2)
poa=PBop (4.3)

Denote by gy C g © 9 the graph of a linear map ¢ : g — 9.

Theorem 4.2.6 Let g = (g,[—, —|,«) be a Hom-Lie algebra and  : g — g be a weak Hom-

Lie algebra morphism, then (g, 5[—, —], Ba) is a Hom-Lie algebra.
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Corollary 4.2.7 [53] Let (g,[—,—]) be a Lie algebra and o : g—g be a Lie algebra endo-
morphism. Then go = (g,[—, —]a, @) is a Hom-Lie algebra, where [—,—], = a o [—,—].
Moreover, suppose that g’ is another Lie algebra and that o : g/—>g/ is a Lie algebra endo-

morphism. If f : g—g is a Lie algebras endomorphism that satisfies

foa=a of

then

’ ’

I (ga [_a _]oua) - (g v[_’ _]o/aa )

18 a morphism of multiplicative Hom-Lie algebras.
The following example is obtained by using o—derivation and it not of the above type.

Example 4.2.8 (Jackson Slz). The Jackson qSla is a q—deformation of the classical Sls.
This family of Hom-Lie algebras was constructed in [45] using a quasi-deformation scheme
based on discretizing by means of Jackson q— derivations a representation of Sla(K) by one-
dimensional vector fields (first order ordinary differential operators) and using the twisted
commutator bracket defined in [26]. It carries a Hom-Lie algebra structure but not a Lie
algebra structure. It is defined with respect to a basis {x1,x2,x3} by the brackets and a

linear map o such that

(21, 22] = —2qx2 a(r1) = qxy
[x1, 23] = 223 a(z2) = qax2
(w2, 23) = —5(1 + q)m1, a(r3) = qr3

where q is a parameter in K if ¢ = 1 we recover the classical Sls.

Proposition 4.2.9 Let (g,[—, —], @) be a multiplicative Hom-Lie algebra with « bijective,

then (g,a~t[—, —]) is a Lie algebra.

Proof. We set in the Theorem 4.2.6, 3 = o ! it shows that a multiplicative Hom-Lie alge-

bras with bijective twisting map correspond to a Lie algebras. The Lie algebra (g, a~![—, —])

is called the induced Lie algebra. m
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4.3 Representations of Hom-Lie algebras

Definition 4.3.1 [/] Let (g,[—, —],«) be a Hom-Lie algebra. A representation of g is a

triple (V, p, 8), where V is a K—wvector space, f € End(V) and
p:g— gl(V)
is a linear map satisfying
p(lz;y]) o B = pla(z)) o p(y) — pla(y)) o p(x),Va,y € g.

In Particular a representation of a multiplicative Hom-Lie algebra (g, [—, —]a, ) on a

vector space Vis a representation of the Hom-Lie algebra satisfiying in addition :

a(p(z)(v)) = pla(x))(B(v),  YveV, Veeg.

In the following, we explore the dual representations and coadjoint representations of

Hom-Lie algebras.

Let (g,[—, —], &) be a Hom-Lie algebra and (V, p, 3) be a representation of g. Let V* be
the dual vector space of V. We define a linear map p* : g — End(V*) by p*(z) = —p(z).
Proposition 4.3.2 [}] Let (g,[—,—],«) be a Hom-Lie algebra and ad : g — gl(g) be an

operator defined for x € g by ad(z)(y) = [z,y]. Then (g,ad,a) is a representation of g.

Indeed the operator ad which is equivalent to Hom-Jacobi condition. We call the repre-

sentation defined in the previous proposition adjoint representation of the Hom-Lie algebra.

Proposition 4.3.3 [4] Let (g,[—, —], @) be a Hom-Lie algebra and (g, ad,«) be the adjoint
representation of g, where ad : g — gl(g). We set ad* : g — gl(g*) and ad*(x)(f) =

—foad(xz). Then (g*, ad*, a*) is a representation of g if and only if

a(lfz,y],2]) = [z, [a(y), 2] = [y, [a(@), 2]  Va,y,z€9 (4.4)

Proposition 4.3.4 Let (g,[—, —], @) be a Hom-Lie algebra and (V, p, 3) be a representation
of g. The triple (V*, p*, B*), where p* : g —gl(V*) is given by p*(x) = —tp*(x), defines a

representation of the Hom-Lie algebra (g,[—, —], ) if and only if

Bop([z,y]) = p(x)p(a(y)) — ply)pla(z)).
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4.4 Index of Hom-Lie algebras

4.4.1 For a coadjoint representation

Let (g,[—,—], @) be a Hom-Lie algebra. We assume that coadjoint representation exists,

Y

that is proposition 4.3.3 satisfies. Let f be a bilinear form on g then set
gr ={z eg:ad (z)(f) =0},
={z€g: f(xy])=0"yeg}.
Then we have the following definition

Definition 4.4.1 The index of g, is defined by

= mindimgr.
x (9) min dim g

Example 4.4.2 (Jackson Slz). The index is given by

X (g =¢Sl3) = mindim gy = 1.
feg*

0 —2qxo 2x3
Indeed the associated matriz is of the form 2qxs 0 _% (1+q)x;
—2x3 %(14—(]) T 0
It is of rank 2 hence the index equal 1.
4.4.2 For an arbitrary representation
Let (g,[—, —], a) be a Hom-Lie algebra, and (V, p, 5) be a representation of g where

prg—ol(V), a2 p(@)=p(z)()=2 v
We set

go={zx€g:z-v=0, veV},

andg-v={z-v ; ze€g, veV}.

The set g, is the stabiliser of v. We say that v € V is regular if g, has a minimum

dimension.
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1.e.

dim g, = min {dim g,,, w € V}.

Since dim g, + dimg-v = dimg, v € V is regular if

dimg-v = dimg - w}.
img-v ?Ulggli{ img-w}

So if we consider the dual representation of V on V* when it exists, we have the following

Lemma
Lemma 4.4.3 jrfré%;i dimg- f = dim g— min {dim g, f € V*}.
Therefor we define the index of a Hom-Lie algbra with respect to a given representation
Definition 4.4.4 The integer
x (9, p) = dimV—JI}é%;g {dimg.f},
= dimV—dimg + min {dimgs, f € V*}.
is called the index of the representation (V,p,3) of the Hom-Lie algebra (g,[—, —], ).

Proposition 4.4.5 Let (g,[—, —|, @) be a Hom-Lie the index of g, x (g, p) can be writen as

X (g, p) = dim V—max {dimg.f},
fev*

= min{dimgs ; fe€g'},

= dim V — ranky(v) (%; - vj),;, (See Proposision 2.3 [37], p17),

ij
where K(V) is the quotient fields of the symmetric algebras S(V).
Proof. Consider the bilinear form B with values in V

B=DB(g,V):gxV -V, (z,v) —z-v.

Evaluating this form for an arbitrary element f € V* gives a form with values in K it follows
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Bf:gxV — VLK and Bf(xz,v) = f(x -v). The kernel (resp. image) of By is g (resp.
g f).We have

ker(Bf) =gf={x€g; f(x-v) =0} and

Im(Bf) =g-f={f(z-v); z€g,0eV}.

Hence

= dimV — k By).
X (g,p) = dim ?%%g(ran f)

Let n = dimg and m = dimV . Having chosen bases for g and V ,we may regard B as
n X m—matrix with integer in V, taking {z1,...,z,} a basis for g and {v1,...,v,,} a basis

for V then

B = (:L'Z 'Uj)

ij

sz (f(xlv]))w i=1,...,n, j=1,...,m

Therefore

x (g, p) = dimV — max (rank (f (x;- Uj))ij) ,i=1,...,n,7=1,....,m,

fev

= dimV — ranky v (v; - Uj)ij ’

Hence

X (g,p) =dimV —rank (z; - v;),., it =1,..,n,5=1,...,m.

ij

4.4.3 Index of twisted Hom-Lie algebras

Let (g,]—,—]) be a Lie algebra and « : g — g be a Lie algebra morphism. According to
Corollary 4.2.7, the twist go = (g, [—, —]a, @), where [z, y], = a[z,y] is a Hom-Lie algebra.
We aim to compare the index of Lie algebra with the index of Hom-Lie algebra obtained

by twisting.
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Proposition 4.4.6 Let g, = (g,[—, —|a, @) be a Hom-Lie algebra, and ad to be the adjoint

representation. then

X (8a) = n — ranky(v) (a ([e;, €5])), -

Proof. For all z € g, ad, is a K—linear map g operate on g*as
gxg" =g, (v, f)—az-f
vyeg:(z-f)y)=fzyl),

¢r:oxg—=K,  (z,9) = op (2,9) = [ ([2,90),
gr ={zeg f(lz,yl,) =0,Vy € g},
or
Ker f={zeg, f([z,yl,) =0,Vy € g} . (4.5)
Particular cases : if the algebra is multiplicative then

=, yls) = falz,y]) = (f o) ([z,9]) -

We denote the kernel of the map (f o @) by g(foa),

G(rom) = Ker (f o Oé) = {LIZ € g, (f o Oé) ([:c,y}) =0,Vy € g}v (46)

and
Im (foa)={(foa)([z,y]),Vz,y € g}.

Applying the rank theorem we have

dim g=dimker (f o ) + dimIm (f o o),
dimker (f o ) = dimg—dimIm (f o a),

=n—dimIm(foa).
Other we have

min {dimker(foa)} =n— max {dimIm(foa)},
(foa)eg® (foa)eg®



We know that

X (8a) = min {dimker (fo ), (foa)€ g*},

then

X (8a) = n —max{dimIm (foa), (foa)eg’}.

Let B ={e1,,,e,} a basis de g, for all z,y of g we have

T = E Ti€, Yy = § yjej7
( J

then
(foa)([z, =(foa) ([szewzyjej )
n
= (z1,...,zn) (f o @) ([, €5])
Yn
= X'AY; and A = ((f o) ([ei,e5])),; -
Therefore
X (8a) = n — maxrank ((f o o) (e, €5])),; »
=n —rank (f (a([e;, €5]))),;
=n — rank (f ([e;, ej]a))ij ,
= n — rankyy) ([ei, ej]a)ij ,
= n — rankyy) (a ([es, ej]))ij .
Then

X (8a) = n — ranky(y) (a ([ei, €])),; -
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Theorem 4.4.7 Let (g,[—,—|) be a Lie algebra, and (g,[—, —]a, ) the Hom-Lie algebra
then we have x (go) > X (g) . Morever if f is a regular vector of g then it is a reqular vector

of ga-
Proof. Since

rank((f o @)) < min (rank f,rank o) ,

rank((f o a)) < rank f,

and X (8a) = x (9) -

Remark 4.4.8 (Case where « is bijective) Let (ga,[—, —]a, ) be a Hom-Lie algebra, if o
is bijective then X (§a) = x (9) . Indeed rank((f o o)) = rank f. (« bijective, Im(a) = g, so

Im(foa)=f(g) =Imf, then rank((f o)) =rank f ).

Example 4.4.9 (Morphism of Lie algebra and index). Let (g,[—,—]) be a Lie algebra,
and (g,[—, —]a,a) a Hom-Lie algebra, {x1,x2,...,xn} a fived bases of g. We search the
morphisms corresponding to this algebra and to calculate the index in this cas. The twisting
principle leads for the dimensional affine Lie algebras defined as g3 : [x1,22] = 2 to two
Hom-Lie algebras : the first is the abelian Hom-Lie algebras 9%,&,1 : [x1,22],, = 0,and it is

given by the homomorphism « defined, with respect to the previous basis by the following

a 0
matrix
0 d
The second are g3 , o defined as g3 , 5 : [21,22], = daa,
0 b
the homomorphism « is given by the following matrix
0 d

Where

a(z1) =axy + b, oa(x2) = cxy + dxa.

The 3—dimensional Lie algebras defined as g% : [x1, 2] = x3 leads to the Hom-Lie alge-

bras defined as : 9%,«1,3 s 1,22, = (a1ba — bib2)x3, and it is given by the homomorphism o
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ar by c1

defined, with respect to the previous basis by the following matriz | q, by o

0 0 albg —-b1a2
The Lie algebra g3 : [x1,72] = x2, [v1,73] = Bxs, B # 0 leads to four Hom-Lie

algebras defined as :

1. g;a’l s, 22], =0, [x1, 23], = 0, this is an abelian Hom-Lie albebra, the homo-
ar b1 a
morphism « is given by the following matriz 0 0 0
0 0 O
2. gg’ag s [x1, 2], = bows, [x1, 23], = 0, the homomorphism « is given by the fol-
% b1 ¢
lowing matriz | 0 0 ¢y
0 0 0

3. gg’a,:& sy, 0], [1, 23], = Bb3xa, the homomorphism o is given by the

= 0,
B b
following matrix

4. g3a4 sz, 0], = b, (1, 23], = Besxs, the homomorphism o is given by the

1 b1 C1
following matriz

The Lie algebra 93 x1,wo] = 2o + w3, [11,23] = 23 leads to tow Hom-Lie algebras

defined as.

1. gga’l :z1,22], =0, [z1,23], = 0, this is an abelian Hom-Lie albebra, the homo-
al b1 C1

morphism « is given by the following matriz 0O 0 0

0 0 O
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2. g§7a,2 sz, @2],, = bawo + (b +c2)x3,  [21,23], = baxa, the homomorphism o is given
1 bl C1

by the following matriz | 0 by ¢

0 0 b

The Lie algebra g3 : [v1,22) = 2x2, [2r1,73] = —2x3, [71,23] = 21 leads to tow

Hom-Lie algebras defined as :

1. Eiag sz, e, = %IEL (1, 23], = —2bsxs, [v2,23], = —x1, the homomorphism
0
a 1s given by the following matriz bi
3
0
2. Qiag sz, @e, = 0%352, (1, 23], = —2c3x3, [v2,23], = x1, the homomorphism o
1 0 0

is given by the following matriz | o L 0
0 0 c3

Where

o (.’L‘l) = a1x1 + bi1xe + c1x3,
a(z2) = agxy + baxg + cow3,

a(x3) = asxy + b3ra + c3xs.

FEvaluation of the index
In dimension 2 we have
X (83.01) =2,

X (g%,aﬂ) =0.

In dimendion 3 we have

1 1 if a1b2 — b1€L2 7é 0,
1. X (93,04,1) =
3 else.
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2. X (gg,a,l) =0.

Lif ey #0,
X (gg,a,2) =
3 else.
.
1 if b3 # 0,
X (gg,a,fi) =
3 else.
\
(
1 if by, e3 # 0,
X (gg,a,4) =
3 else.
3. X (gg,a,l) = 0.
L if bg,c2 # 0,
X (gg,aﬂ) =
3 else.

4. x(9501) =1 with by # 0,

X (gg,a,2) =1 with cg # 0.

4.5 Index of Multiplicative Simple Hom-Lie algebras

Definition 4.5.1 Let (g,[—,—],«) be a Hom-Lie algebra. A subspace § of g is called a
Hom-Lie subalgebra of (g,[—,—], @) if «(h) C b and [h,b] C b. In particular, a Hom-Lie
subalgebra by is said to be an ideal of (g,[—, —|, ) if [h, 9] C b. g is called an abelian Hom-Lie

algebra if [x,y] =0 for any x,y € g.
Definition 4.5.2

C(g) ={recg|lr,y] =0,[a(z),y] =0,vy € g}
is called the center of (g,[—, —], @).

Proposition 4.5.3 Let (g,[—, —|, &) be a multiplicative Hom-Lie algebra, then (ker (), [—, —], c)

18 an ideal.



Proof. Obviously a (z) = 0 € ker («) for any x € ker («) . Since « ([z,y]) = [a (z),a (y)] =
[0,y] = 0 for any x € ker () and y € g, we get [z, y] € ker () . Therefore (ker (a) , [—, —], @)

is an edial of (g,[—,—],@). =

Definition 4.5.4 Let (g,[—,—],a) (o # 0) be a Hom-Lie algebra. (g,[—,—], ) is called
simple Hom-Lie algebra if (g,[—, —|, &) has no propre ideals and is not abelian. (g,[—, —], @)

is called semisimple Hom-Lie algebra if g is a direct sum of certain ideals.

Let (g,[—, —], @) be a multiplicative Hom-Lie algebra. By Proposition 4.5.3 a must be

a monomorphism, thus « is an automorphism of (g, [—, —], ).

Definition 4.5.5 Let (g,[—, —],«) be a Hom-Lie algebra. the Lie algebra (g,[—,—]") is

called the induced Lie algebra of (g, [—, =], a) if [z,y] = a ([z,y]') = [a(z),a(y)],Vz,y € 6.

Proposition 4.5.6 Let (g,[—,—],«) be a multiplicative simple Hom-Lie algebra, define
[z,y] = o~ ([z,y])Vz,y € g, then (g,[—,—]")is a Lie algebra and « is olso a Lie alge-

bra automorphism.

Theorem 4.5.7 The induced Lie algebra of the multiplicative simple Hom-Lie algebra (g, [—, —], @)
is semisimple and can be decomposed into direct sum of isomorphic simple ideals, in addition

« acts simply transitively on simple ideals of the induced Lie algebra.

Theorem 4.5.8 The index of a multiplicative simple Hom-Lie algebra (g,[—,—], ) is the

same as of the induced Lie algebra of the multiplicative simple Hom-Lie algebra (g, a -, —})

Proof. By Remark 4.4.8. m

Hence, we have the following Proposition :

Proposition 4.5.9 The index of a multiplicative simple Hom-Lie algebra (g,[—, —], a) is

upper than or equal to 0.

Proof. Since a Simple Lie algebras is never Frobenius, then the index is upper than or

equal 0. m
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4.6 Index of semidirect products of Hom-Lie Algebras

In this section we introduce the adjoint and coadjoint representation of semi-direct product

of the Hom-Lie algebra g x, V.

Proposition 4.6.1 [/] Let (g,[—, —]g, @) be a Hom-Lie algebra and (V, p, 3) be a represen-

tation of g. The direct summand g &V with a bracket defined by

[(z+u), (y +v)] = ([z,y]g, p(2)(v) = p(y)(uv)) Yz,y €9, Vu,weV.
And the twisted map v:g@®V — gV defined by
Y(z+w)=alx)+pu) Veeg YueV.
1s a Hom-Lie algebra.

We call the direct sum g @ V semi-direct product of g and V, it is denoted by g x, V.
We identify the dual space (g x, V)* with g* @ V*.
Since g,V is Hom-Lie algebra, the Hom-Jacobi condition on z,y,z € g and u,v,w € V

is

O(ac,u),(y,v),(z,w) [7($ + u); [y +v,z+ w]],
:O(x,u),(y,'u),(z,w) [O[(CC) + /B(u)v [y’ Z]g + p(y) (w) - p(Z)(U)]

=0.

We can determine a representation of semi-direct product of the Hom-Lie algebra gx ,V.
We call this representation the adjoint representation of semi-direct product of the Hom-Lie

algebra g X, V, and it satisfies the condition
ad([x +u,y+v])oy=ad(y(z+u))oad(y+v) —ad(y(y+v))ocad(x+u)  (4.7)

In the following, we explore the coadjoint representations of semi-direct product of the

Hom-Lie algebra g x, V.
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4.6.1 The coadjoint representation

let g = g x, V we consider q* = g* @ V*, the dual space of ¢q. An element of ¢* is denoted
by n = (9,f); ¥(z,v) € gx, V. We set ad* : ¢ — gl(q*) defined by ad* (z +u) (n) =
—noad(z +u) and v* : ¢* — q* an even homomorphism defined by 7* (1) = 70 7.

We compute the right hand side of the identity 4.7.

(ad* (1( + 1)) 0 ad*(y + v) — ad*(+(y + v)) 0 ad*(y + v)) (1) (= + w)

= (ad (1(z +w)) (ad*(y + v) () — ad(+(y + v)(ad*(y + v) (1)) (= + w)

= —ad*(y +v) () (ad(y(z + w)) (z + w)) + ad*(z + w)ad (1) (v(z + u)) (z + w))

= n(ad(y + v)ad(y(z + u)) (z + w)) — n(ad(z + v)ad(y(z + u)) (z + w))

=n(ad(y + v)ad(y(z + u)) — ad(x + w)ad(y(z + u)) (z + w)).

On the other hand

((ad*([z +u,y +0]) ") (1)) (2 + w) = (ad*([z + u,y + v]) (N0 7) (2 + w)

= —noy(ad([z +u,y +v]) (z +w)).

Thus 4.7 is satisfies. We call the representation ad* the coadjoint representation.

We obtain the following corollary

Corollary 4.6.2 Let (q,[—,—],7) be a Hom-Lie algebra and (q,ad,~) be the adjoint rep-
resentation of q. The triple (q,ad*,v*) defines a representation of (q,[—,—]y) if and only
if

voad([z+u,y+v]) = ad(z+u)oad(y(y+v)) —ad(y+wv)oad(y(z+u))
We call the representation ad* the coadjoint representation and it given by
(ada(x,v)) (9,f) = (ada (2) (9) —v= f,x- f),
such that

gx V" - V*
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and
VxV—g*

(v, f) ~vxf, Vzeg:(vxflz=[(z0).

4.6.2 The stabilizer of an arbitrary point of g*

Let K4 denote the Kirillov form on g, i.e. V(z1,22) € g: Ky (z1,22) = g[z1,22] then
ker(KCy) = gg4, the stabiliser of g. If b is a subalgebra of g, then 4| can also be regarded

as the Kirillov form associated with glh € b*.

Proposition 4.6.3 For any n = (g, f) € q, we have
1y = {(z,v) € g x, V, ady(,v)(g, f) = 0}
={(@,v) € g%, V, (adg () (9) —v* foz- f) =0}
={(z,v) € g X, V,adg(z)(g) =vx* f etz f=0}.
sach that ady (z) (9) = glz,yl =v*f:y€g
and x - f =0 = x € ker (Kylgy),

such that ICy(z, f) = = - f then

ay = {(z,v) € g x, V,ady(z) (9) = v* f et x € ker (Kglgy)} .

We not by gy is the kernel of f ([z,y]) so (gf)J‘ = g-f such that the space

{veVoxf=0}={veV, f(zv) =0V e g}
= (g

= kerBf.

it follows that ¢, is the direct sum of the space (g-f)* and the space ker (Kylgy), so q, =

ker (ICylgy) X ker By.
Lemma 4.6.4 Let (q,[—, —],7) be a Hom-Lie algebra,

Xa = Xg T X(g,0)
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Remark 4.6.5 Let Let (g,|—,—],a) be a Hom-Lie Algebra and ad : g — gl(g) be the
adjointe representation. We means by g X,q ¢ the Hom-Lie algebra of semi-direct product

associated to the adjoint representation. then

x(a) =2x(g) -
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Conclusion

The index is an important concept in the representation theory and invariant theory, it
was introduced by Dixmier in [9]. The theory of index for Lie algebras has applications in
invariant theory of invariants, deformations and quantum groups.

In this thesis we study the index for some classes of Lie algebras and we generalize the
theory to Hom-Lie algebras. The first part deals with nilpotent Lie algebras. We study
the classes of filiform and quasi-filiform Lie algebras. First, we review the nilpotent and
filiform Lie algebras theories. Then we consider the classification up to dimension 8 and
compute for each filiform Lie algebra its index and the set of all regular vectors. We also
compute the index of graded quasi-filiform Lie algebras, and provide the corresponding
regular vectors. At last we compute the index of Lie algebras whose nilradical is Q2. In
the second part dealing with Hom-Lie algebras. A Hom-Lie algebra structure is given by a
skewsymmetric bracket on a vector space g, the structure is twisted by a homomorphism
«a which modified The Jacobi identity. This theory has been extended by Larsson and
Silvestrov to the quasi-Lie algebras in [27]. A complete theory of the index exist for Lie
algebra, however, we have not this theory in the case of Hom Lie algebras. The first main
purpose of this part is to introduce the index of semidirect products of Hom-Lie algebras.
We study the index of Hom-Lie algebras. We introduce the notion of the index of Hom-Lie
algebras in the case of coadjoint and an arbitrary representation. Moreover, we compare
the index of Lie algebra with the index of Hom-Lie algebra obtained by twisting. Finally,
we give the index of semidirect products of Hom-Lie algebras, but before we explore the

coadjoint representations of semidirect products of Hom-Lie algebras.
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Résumeé

L'objet de cette these est I'étude de I'indice plmsralgebres de Lie et leur généralisation, les
algébres Hom-Lie. On étudie la classe opposée lgabras semi-simples qui est la classe des
algébres de Lie nilpotentes, on s'intéresse spEro@ht aux algebres de Lie filiformes et
guasi-filiformes. Dans la deuxieme partie du trpvam établit la théorie de l'indice dans le
cas des algebres Hom-Lie. On étudie l'indice dgelales Hom-Lie multiplicatives simples
ainsi que l'indice du produit semi-direct d’algebrélom-Lie. Par ailleurs, on suit par
déformation et par twist de Yau I'évolution de tine. De nombreux exemple sont aussi
proposes.

Abstract

The objective of this thesis is to study indexgome classes of Lie algebras and to generalize
the theory to Hom-Lie algebras. The first part deaith nilpotent Lie algebras. We study the
classes of filiform and quasi-filiform Lie algebrda the second part dealing with Hom-Lie
algebras, we generalize the theory. We introdunckstudy the notion of index for Hom-Lie
algebras. We study the index of multiplicative sienplom-Lie algebras, provide some key
constructions and discuss index of semi-direct petglof Hom-lie algebras. A lot of examples

are given.



